
Journal of Babylon University/Engineering Sciences/ No.(1)/ Vol.(26): 2018 

81 

Modeling of Hydraulic Jump Generated Partially 
on Sloping Apron 

Shaker Abdulatif Jalil
 

Water Resources Engineering Department, College of Engineering, University of 

Duhok  

shaker.abdulatif@uod.ac  

Abstract 
Modeling aims to characterize system behavior and achieve simulation close as possible of the 

reality. The rapid energy exchange in supercritical flow to generate quiet or subcritical flow in 

hydraulic jump phenomenon is important in design of hydraulic structures. Experimental and numerical 

modeling is done on type B hydraulic jump which starts first on sloping bed and its end on horizontal 

bed.  Four different apron slopes are used, for each one of these slopes the jump is generated on 

different locations by controlling the tail water depth.  Modelling validation is based on 120 

experimental runs which they show that there is reliability. The air volume fraction which creates in 

through hydraulic jump varied between 0.18 and 0.28. While the energy exchanges process take place 

within 6.6, 6.1, 5.8, 5.5 of the average relative jump height for apron slopes of 0.18, 0.14, 0.10, 0.07 

respectively. Within the limitations of this study, mathematical prediction model for relative hydraulic 

jump height is suggested.The model having an acceptable coefficient of determination. 

Keywords: Hydraulic Jump type B; jump aeratio; Relative jump height;Relative Jump Length; 

Sequence Depth;  
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Introduction 
The outlet flow from many hydraulic structures may be supercritical. This type 

of flow need to be reduced its kinetic energy. As early as had done by Leonardo da 

Vinci 1452 – 1519, who had observed flow of floating body's in hydraulic jump. Da 

Vinci made notes for description the movement of water by drawing and explenation 

including eddies in water jumps, (Boucher and Nakayama, 1999).  Later theoretical 

foundations for this phenomena were derived by employing momentum and 

continuity concept, this first was done by Belanger on 1828 (Chanson, 2008). The 

properties of hydraulic jump on smooth bed conditions is widely studied by (Peterka, 

1984), other studies concentrated on roughened beds effect on hydraulic 

characteristics such as  (Carollo et.al.,2007) and (Imran and Akib, 2013). Many 

investigations carried out to study of the effect of obstacles, baffles, steps and weirs 

on hydraulic jump properties such as (Negm et.al., 2003) and (Kim et.al., 2015).  As 

hydraulic jump can be occur on different geometric cross-sections and on different 

roughness beds and slopes. Researchers studied all these possibilities experimentally 

and by modeling. The models of hydraulic jump is created by numerical simulation, 

whereas simulations based on solving partial differential equations (PDE ) of 
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continuity and momentum. A wide explanation has been stated in doctoral thesis for 

modeling hydraulic jumps includes also process air and water mixing (Witt, 2014). 

Usually the solutions of PDE based on turbulent models. The turbulent models depend 

on the scheme of solving Reynolds stresses (Versteeg and Malalasekera, 2007). An 

experimental study of measuring the velocity field in submerged hydraulic jump and 

comparison with five different turbulence models leads to a better predictions of 

horizontal velocity by implementing Reynolds stress model (Gumus et. al , 2016). 

The renormalization turbulence group (RNG) model was utilized to validate undular 

jump, the results are compared with experimental data and good agreement found 

(Rostami et.al.,2013). The same turbulence model (RNG) was utilized and compared 

with experimental data to validate that rectangular strip on channel bed have a 

positive effect on the characteristics of a hydraulic jump   (Velioglu, et. al. , 2015). 

The standard k-ε and RNG models were used to study performance of hydraulic jump 

in stilling basin. RNG model shows closer to predict velocity, pressure and Froude 

numbers (‎Babaali et.al.,2014). Numerical analysis of hydraluic jump over an obstacle 

using  turbulent Prandtl  model of  k - ε and comparison  with Chanson experimental 

results lead to that increasing Reynolds number for incoming flow to hydraulic jump, 

causing more gas influence on the liquid phases and the pressure gradient affect the 

reverse flow (Mouangue et. al., 2013 ;Saeed-Reza et.al., 2007)  studied the 

characterics of turbulent flow in hydraulic jump by making comparison between 

chanson experimental measures and that of prediction from the commercial FLOW-

3D® finite volume flow solver. Saeed investigation employed two turbulent models, 

the k-ε and RNG, to study the transition of horizontal velocity in hydraulic jump. The 

study shows that the predicted x direction velocity component is very similar to 

Chansons experimental data using RNG turbulent model in the aerated zone.    

Abbaspour et.al., 2009 studied the velocity profile and the character of hydraulic jump 

which was generated of corrugated bed. Experimental measures and 2D numerical of 

two different turbulent models (k - ε and RNG) with the 2-phase flow theory were 

compared. The study shows that there is a linear relationship between the 

dimensionless length scale and dimensionless longitudinal distance for the velocity 

profile. The model RNG shows closer to experimental data and to that data obtained 

by Ead and Rajaratnam.  Jump on sloping bed with  positive and negative step was 

studied by Husain et.al.,1994, sequent depth ratio and length characteristics were 

compared with the earlier studies carried by USBR and Wielogorski, the study 

showed that stability and compactness of hydraulic jump are better on negative step. 

A wide empirical equations proposed and documented in different studies has been 

verified by Schulz et.al., 2015, the verification based on comparsion with simulation 

results of traditional k - ε turbulence model using CFX (Ansys) software. Schulz et. 

al. study includes different hydraulic jump characteristics such as roller length, 

sequent depth and free surface profile. The results of this study leads to conclude that 

the predictive equations are good for pre-design of hydraulic jump profile and the 

numerical simulation can view hydraulic characteristics of the prototype scale 

avoiding building actual physical models. An experimental study carried by (Carollo 

et. al., 2013) on  hydraulic B-jump which has a toe on the slope bed and its roller ends 

on horizontal part of the channel. The channel bed was roughed by gravel particles; 

study has concluded that roughness on the bed reduces the sequent depth ratio of a 

hydraulic jump when it compared with the smooth bed. 

The present study is carried on to measure main jump characteristics and validation of 

numerical model. The type of hydraulic jump is that one which started first on 

sloping-apron and its end on horizontal bed. The study is valid for range of Froude 

and Reynolds numbers            ,                     ,  respectivly. 
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Theoretical Background 
A good basic background on the hydraulic jump theory can be found in chapter 

4 written by Rajaratnam and edited  (Chow, 1967). Rajaratnam explains and study 

many details on hydraulic jump characteristic such as length of jump, pressure field, 

mean velocity, shear stress, turbulence, dissipation, air entrainment, bed velocity and 

even jumps on sloping channels. Theoretical bases also can be found in (Subramanya, 

2009) book.  Physical properties of hydraulic jump are affected by incoming flow and 

geometrical properties of channel (Chow, 1959;Henderson,1966).Many investigations 

carried on the  effect of channel geometry and bed roughness on hydraulic jump 

characteristics, (Hughes and Flack, 1984) proposed approximation for a theoretical 

hydraulic jump equation, this approximation is close to observed characteristics. 

Hydraulic jump transition region length has been studied by (Sitong and Rajaratnam, 

1996), the study showed that velocity profile in region takes semilogarithmic shape, 

and bed shear stress decreases to reach a constant value. Useful theoretical and 

experimental studies can be followed such as (Afzal and Bushra, 2002), in which the 

structure of hydraulic is compared with earlier experimental studies.  

Modeling is a solving tool aims to characterize systems behavior and perform 

simulations close to reality. Fluid flow simulation technique is an art of mathematical 

operations carried on to solve the partial derivative forms of conservative equations. 

The mathematical representation of mass and momentum statement are presented in 

differential forms in equation (1) and (2) respectively. These equations are well 

known as Navier-Stokes since early 1800s. 
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Where ρ is fluid density, U is the velocity, τ is molecular stress tensor, P is the 

pressure and SM is source term.  In many engineering practices the ratio of inertia 

forces to viscous forces increases so a turbulent flow generated. This flow has chaotic 

and random fluctuations state of velocity components with time.  Reynolds 

decomposition method with statistics and fundamental of micro-scale theory of 

Kolmogorov (see Versteeg and Malalasekera, 2007)  made a simplification to 

understand and solve such complicated flow structure. The velocity ( u
/
 ) and pressure 

(P
/
) are the main fluctuating flow parameters of turbulent flow which can be presented 

by time average rule.  
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incompressible flow where μ  is laminar viscosity and by substituting the time average 

rule, the time average form mass and momentum equations became as: 
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(    ́̅  ́ ̅) is Reynolds stress which represents six shearing 

deformations. Reynolds stresses is solved by the concept of Boussinesq eddy -

viscosity. This hypothesis is based on the assumption between the viscous stresses and 

strain in laminar Newtonian flow as:  
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Where, k is the turbulence kinetic energy, μt is the turbulent or eddy-viscosity, δ 
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i j is Kronecker delta and (
  ̅ 

   
 
  ̅ 

   
)  is the mean rate of strain. The eddy-viscosity is 

a hypothetical property which relates to turbulence state which may vary from point to 

another (Versteeg and Malalasekera, 2007). Depending on these hypotheses and time-

averaged the momentum equation became: 
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Where μ eff is effective viscosity and is equal to μ eff  = μ + μ t   and     
  ̅ 

   
  is 

the total mean shear stress. The models which take above concept are known as eddy-

viscosity closure models. The numerical solution will depend on number of extra 

terms included in algorithm. The number of terms inter the model will affect stability 

and economy of the modle for flow prediction, (Davidson, 2017).  The modification 

of (Yakhot and Orszag, 1986) on the standard k-ε  model by application of statistical 

technique (Renormalization Group) view the effect of small scale in Navier-Stokes 

equations with the improvement of the rapidly strain flow. Furthermore this model 

(RNG  k-ε  ) represents better performance  as it contains  additional  tem in ε 

equation for interaction between turbulence dissipation and mean shear (Yakhot et. 

al., 1991).  In additional this model takes in to account the swirl effect. The transport 

equations of the turbulence kinetic energy, k, and its rate of dissipation, ε, is presented  

by ( Yakhot and Smith, 1992) and (Versteeg and Malalasekera, 2007) as follows: 
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While the adjustable constants are:  
                                                                          

The computational fluid dynamic modelling software FLOW-3D has developed 

and commercialized by Flow-Science Inc. including five turbulence models. one of 

these models is RNG turbulence models which is recommended when chaos flow and 

unstable motion of fluid flow occur due to the generation of eddies of various sizes in 

additional  air entrainment model can be activated. (Flow-3D, 2012), also this model 

shows a better  transition of velocity in hydraulic jump than k-ε turbulent model 

(Saeed-Reza et al., 2007). The flow pattern upstream gate and downstream including 

hydraulic jump is simulated using RNG k-ε   model since part of the flow domain is 

turbulent, as presented in figure (1).  Figure (1) is a definition sketch shows the 

parameters measured experimentally and output findings from modeling. 

 
Figure (1): Flow-3D Snap with definition sketch 
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Experimental Work  
Experimental part of the study was carried out in a horizontal rectangular cross 

section flume of working length 2.4 m, 0.25m height and 0.075m width.  The sloping 

aprons were made of Mahogany wood having the slope ( S) of  0.18, 0.14, 0.12 and 

0.08. The Sloping aprons were fixed under the sluice gate as presented in Figure (2). 

The downstream water depth (Yw) was controlled by floppy gate at the end of the 

channel. The water depth was measured at the center line by means of point gauge 

with venier. The depth in front of the gate (Ho) was also measured as boundary 

condition for modeling, more over the stating position of jump (P1) on slope apron 

was measured. The end of jump was measured at a location (P2) where nearly smooth 

horizontal flow. The  location of P2 was believed to be the end of jump.  

 
Figure (2): Plate of sloping apron and jump 

The laboratary measurements show that the jump toe is in fluctuated frequency, 

this frequency makes the average position of jump starting point is varied around the 

mean location of its occurrence. This fluctuation has found by  Zhang et.al., 2013. 

There were some visual difficulties in locating the end of hydraulic jump due to 

waves, oscillating fluctuations and turbulence, so the measurments of jump length  

(Lj) are done according to that distance which started from the toe to a position of 

surface stagnation according to experiments of  (Karbasi, 2016).  Also the end of 

recirculation region or surface rollers (Lr) is a challenge for locating its end. This 

region depends on percentage of air bubble entrainment and on Froude number of 

incoming flow, (Murzyn and Chanson, 2008).   

Numerical Modeling  
 The geometry of the model was generated by FLOW-3D® tools. Sloping 

solids parts of the domain geometry were prepared by AutoCAD software as STL 

files which were imported to the main domain of flow. The set-up of simulations were 

the same for all runs such as the selection of free surface or sharp interface, air 

entrainment, gravitational acceleration in the vertical direction, surface tension, 

viscous flow, Renormalized group turbulence model (RNG k- ε)  and Nonslip wall 

shear boundary. A structured finite volume for the computational domain was used. 

As the mish size has a direct effect the accuracy and time consuming of computation, 

the first models started with a size of 2 cm then reduced to 1 cm and later to 5 mm 

.The desire value of discretization 5 mm shows an acceptable shape of hydraulic 

jump. All models have the same boundary condition; the flow domain was fixed as 

symmetry at the top while the bottom and the two sides as a wall, the upstream and 

downstream conditions were substituted in pressure, its values were corresponding to 

those experimental measurements. The upstream condition is the depth of water in 

front of gate, while the tail water depth at the end of channel is the downstream 

condition. Three flux Baffles were placed along the channel length to predict the flow 

discharge. FLOW-3D® package includes two pressure velocity coupling solvers, the 

solvers based on semi-implicite numerical techniques, the first algorithm  is 

successive over relaxation (SOR) and  the second is generalized minimum residual 
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(GMRES ) (Flow-3D, 2012). As documented in FLOW-3D® manual, the two solver 

algorithms show fairly similar results, the first solver is very similar to the Jacobi 

method which has been run slightly faster than the second.   The (GMRES) algorithm 

solves the fully coupled system of equations which consumes time. 

Results And Discussion 
Verification of numerical model has been done by comparison with the 

experimental data. Five different laboratory measurements were used for validation of 

model. The measurements were the flow discharge (Q), dimensionless flow discharge 

under gate (    
 

    √   
  ), where B is gate width and W is gate opening. The 

other three measurements are depth of water before jump (d1), location of hydraulic 

jump toe from the gate (P1) and the length of the jump (Lj). Two data groups are 

prepared first from laboratory measurements and the second from simulations output. 

The data of 120 tests for each group have five measurements for each one; they are 

tested for homogeneity of two samples. The T-test was used to indicate whether there 

is difference between two independent groups. The results of test include mean, 

standard deviation and standard error, test results are listed in table (1 and 2) for 

confidence 95%. Results in table (2) show that the value of zero is located in between 

the lower and upper values, that means values of two samples are in homogeneity.  

Table(1) Descriptive statistics for five different measures with units 

 
Table(2) Independent sample T- test 

 
 

Prediction accuracy is measured statistically by two tests, the first is mean absolute 

percentage error (MAPE) and the second is Root mean square error (RMSE). These 
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two testing methods are usually used to measure how close are the predicted values to 

that measured in reality (Myttenaere et.al., 2015). Myttenaere show that finding the 

best model is under the test of mean absolute percentage error (MAPE), the test 

results are presented in table (3) which shows that the error can be accepted  
 

Table(3) Predicted error test 

 
 

The highest prediction error (table 3) occurs in the location of starting hydraulic 

jump (P1) and the Length of jump, this error in measurements may happen due to 

oscillation pattern of jump and its surface deformation (Wang et.al., 2015). The 

output of simulation presented in figure (3a ) shows reverse flow, forward flow and  

rollers zone of hydraulic jump. Figure (3b) shows volume fraction of entrained air 

which appears as Light blue colour. The value of this fraction varied between is 0.18 

to 0.28. 

 

 
Figure (3) Recirculation region and air mixture percent  0.18 to 0.28 for  Froude 

number Fr1=5.01. 
 

Depending on the definitions in figure (1), where x 1 represent jump toe, d1 and 

E1 are upstream hydraulic jump depth and energy respectively. The variables X, d, 

and E are any distance, depth and energy along the jump, while u,v and w are the 

velocity (U) components in the coordinates x,y and respectively. In hydraulic jump, 

there is a peak rate of energy exchange on each streamwise (x-X1)/d1, the peak value 

of energy exchange reduces as streamwise value increase. Figure (4) shows the 

decrease of both relative energy and relative velocity components when streamwise 

value increase. The kinetic energy exchange process happens first by pressure work 

flux later  this changes into potential energy flux and dissipation, (Mortazavi et.al., 

2016). Mortazavi study on horizontal bed shows that the process of exchange takes 

place in spans of streetwise length of 10 times jump height. The calculated values of 

streamwise and rate of energy exchange from the simulation output, in this present 

type of jump B, indicate that the energy exchange average process take place  within 

6.6, 6.1, 5.8, 5.5 of   relative jump height for bed slopes of 0.18, 0.14, 0.10, 0.07 

respectively depending on Froude number, jump location. The slope relation to the 

average values of relative depths at which energy exchange is presented in Figure (5). 

Figure (6) shows some dimensionless profiles and how these profiles became 

horizontal before the value of 9.  
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Figure (4) Profiles of relative energy and relative velocities for different streamwise 

location S= 0.18 

 

 
Figure (5) Variation of average relative depth of energy exchange with apron slope 

 

 
Figure (6) Dimensionless streamwise Profiles for So= 0.18 

 

The simulation data of free surface profile is compared with best correlated 

power equation of (Wang and Chanson, 2013) and with Chansons physical data 

(Chanson, 2011). The free-surface elevation data showed a similar profile to previous 

studies as presented in Figure (7). A comparison between figure (4) and (7) leads to 
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conclude that major part energy lost is happened in the first half length of jump, this 

cause a rapid increase in flow depth. 

 
Figure (7) free surface profile comparison with earlier studies. 

 

The simulation outputs are used to calculate dimensionless relative depth (d/d1) 

and the dimensionless distance (x-X1)/d1. The calculated dimensionless values of 

free-surface profile have presented in figure (8) for apron slope So=0.18. Figure (8) 

shows a comparison with results of (Murzyn and Chanson, 2009) for different 

selected values of Froude number. It can be noted that there is a regular increase in 

jump free surfaces and the then it became horizontal. The shapes and the trend of the 

relations are nearly the same trend as that in mentioned study for Murzyn and 

Chanson. 

 
 

Figure (8) Dimensionless free surface comparison with Murzyn and Chanson (2009). 
 

If    
   is denoted as the equivalent depth of jump on horizontal smooth bed, and 

calculated for the values d1 and Fr1 as that on sloping apron, So that calculated value 

of   
   is the second depth as if the total length of hydraulic happens on horizontal bed. 

A relatvie dimensionless depth can be calculated (      
 ), where Ytw is the measured 

tail water depth of this investigation. The part of the hydraulic jump which happens on 

the slope has a length (l) which is measured from the toe of jump to the horizontal 

bed; this length (l) can be also related to   
  as  (    

 ). The relation between these two 

dimensionless parameter have been studied by (Peterka, 1984). Figure (9) shows a 
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reasonable comparison with experimental study of Peterka for all apron slopes. 

 
Figure (9).  Dimensionless tail water and distance on slopped aprons comparison with 

Peterka  (1984). 
 

Statistical correlation has studied the relation between jump height relative to 

first jump depth ((      )   ) with other parameters affecting jump 

characteristics, such as Froude number Fr1, apron slope (So), relative jump length 

(     )  and (    ).  The analysis results of IBM-SPSS 20 Package show significant 

correlation between the variables. The heights Pearson correlation values at 0.01 

levels (2-tailed) are (0.945, 0.681, 0.344) for the parameters (                )   

respectively. The Linear regression analysis shows an acceptable mathematical model 

listed in equation (8). 
 

      
  

                               
  
  
           ( )                

 

Conclusion 
The comparison between experimental data and the simulation outputs for a 

hydraulic jump which happens on sloping apron and ending on horizontal bed leads to 

the following findings within the study limitations:  
 

1- The volume fraction of blended air after Hydraulic jump toe varied between is 0.18 

to 0.28. 

2- The energy exchange process take place in within 6.6, 6.1, 5.8, 5.5 of   relative 

jump height for bed slopes of 0.18, 0.14, 0.10, 0.07 respectively depending on 

Froude number and jump location. 
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