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Abstract

The ordinary twin paradox is a problem of ageing of two twin observers A and B, B travels with a
relativistic speed and returns back to A where A is at rest. According to each twin's calculation, if each considers
itself at rest, the other would be younger at the end of the trip. This is paradoxical, in fact the paradox appears
due to the accelerating of the travelling twin (B) and so that B will be younger at the return point. This paradox
has been resolved by T. Dray by doing the calculation in a closed cylindrical universe, were the acceleration
problem has been resolved for the travelling twin. This means that the travelling (faster) twin will be younger no
matter which twin performed the calculation. In the present calculation we have shown if both twins are
travelling with a relativistic speed in such universe and the faster twin (B) made the calculations. The result will
always shows that the faster twin will have less proper time. This result is consistent with that of T. Dray, when
one twin is at rest and other is moving.
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1. Introduction

The problem of twin paradox arising from the special relativity is subject of study from
the date of special relativity to nowadays. The problem studies the aging of two twins one
twin (say A) stays at home while another (B) travels with constant velocity [1, 2]. The twin
paradox arises from the measurement of time interval between two events in the theory of
special relativity [3]. To give a better understanding to this paradox the typical resolution is
made that the accelerated twin will mostly be younger throughout the journey [4-7]. To
describe twin paradox, it is better to classify it into its types, with care taken to distinguish
between the normal twin paradox and twin paradox in spatially periodic Universe.

1.1 Normal twin paradox:

In 1911, Paul Langevin was first to show the form of normal twin paradox differently from
the others, in which the difference appears due to the emergence of acceleration of one twin.
Hence, the absolute meaning of acceleration comes to Langevin's point of view. While, two
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reference frames solely, as presented by Max von Laue in 1913, are ample to interpret the
difference, regardless of the acceleration involvement [8-11].

Consider a twin A and B, one of them A stays at earth while B travels at a relativistic speed
into space and returns back to earth. Since twin B moves at a relativistic speed v away from A
it is considered to be younger from viewpoint of A. While, in B's perspective it is A whose
moving with the velocity -v, hence A should be younger as it is seen by B [12].

This result is paradoxical, the reality is that twin B is younger because it undergoes an
acceleration and change of frame during the return point while twin A undergoes no such
changes [12, 13].

1.2 Periodic Universe:

In a space such as spatially periodic universe (spatial dimension compactified), the situation
is more complicated. The fact of this complexity is that, in this universe the frame of traveling
twin remains unchanged, which means twin B will stay inertial throughout the whole journey.
Now, both twins are considering the other to be experiencing time dilation. In other words,
each sees the other to be younger; this seems to be more paradoxical [13-15]. The paradox is
due to the space being topologically multiply connected [16, 17]. In such topology a preferred
inertial reference exists, to which the twins' velocities are related, that is due to global break
down of Lorentz invariance and cylindrical universe is topologically multiply connected [1,
18-20]. Despite this global breakdown, which does not affect the local structure of spacetime,
the concept of spacetime interval (AX > — At?) is preserved under Lorentz transformations as
a necessary step in special relativity [21]. In the present paper a complete calculation has been
made in order to show that there is an agreement between both twins' calculations after their
recombination in a spatially compact universe [1]. In the following section the twin paradox
resolution is discussed for the compact cylindrical universe. This is by performing the
calculation in the reference frame of the faster twin (related to the preferred reference), and
showing that the faster twin B has less proper time than A.

2. Preliminary

In this section we briefly review some terms that have been used in the following
calculations, such as frame of reference, Lorentz transformations, and proper time.

Frame of reference is a coordinate system used to formulate and express the physical
measurements of an observer. A frame in which there is no change in acceleration for a
moving observer is said to be inertial. Frames of different observers with different velocities,
as in twin observers, can be related by Lorentz transformations [13, 14] an in Fig. (1).
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Figure 1: Two Frames S and S' moving with relative velocity v.
The Lorentz transformation for length of an observer in inertial frames S and S' is written as
[22].
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X'= y(X—=Vi) 1)
where y is the Lorentz factor?, x is the position coordinate and t is time coordinate. It is more
significant when objects are moving with a relativistic speed at which the speed of light is
universal [23-25].

Another term to be mentioned is 'proper time' z the time measured by an observer's clock
in its frame [26]. This time can be calculated from the distance between two events in space-
time (frame) of an observer, which is called line element and it can be in four dimensional flat
spacetime written as [27-30].

ds? = —c?dt? + dx? + dy? + dz? (2)

Dividing both sides of equation (2) byc?, gives a proper time element from which proper time
is calculated:

-

dr? = —dt® + (dx* + dy® + dz*) /c® (3)

3. Faster Twin Calculation
The results of measurements from both twins' frame, when they are both moving with
different relativistic speed, should be consistent with the calculation of one twin's frame.
When frame of B is chosen, then the velocity of A as measured by B is not simple as it is in
a non-relativistic situation, v, —vj.
In the present case, both velocities are relativistic, v, >v,. Thus, B will measure A's velocity
as follows:

Via

= Ya~Vs ()
1-v, /vy
V', is what B will measure from his rest frame.

Now, the rest frame is the straight line with negative slope for both twins (one can set a rest
frame as earth's frame for simplicity). It can be seen from the diagram that A and earth's frame
are no longer the same, which means we do not have a stay at home twin as it was in normal
twin paradox as in Fig. (2).

L 1
4 V1-v2/c?
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Figure 2: A's movement as seen by B in his reference frame. It is shown that how the universe would
have been seen from the point of view of a faster moving twin B. The black fundamental lines are twin
B's space time world lines while the red one is the twin A world lines, the universe have been
identified through the dashed black lines. The Blue line are the earth coordinates as seen by both twins.
Now the line which joins O', L', can be calculated since it has the same slope as t'=—vX'

(but with an interception k)2, hence:
t'=—vgX'+k (5)
We can use the fact that this line passes through L' (L/vgy;,0)to find the constant k (as

X'=0if t'=L/vyygy), therefore,
and x'= vyt + L ©)

t'=—-vgx'+
Ve7s 7B

From this point O',coordinates can be found as it is the intersection of trajectoriesO';, L',
and x'= —vt', hence
X'=—Lyg and t'=Ly,Vv,
One can conclude that the coordinate O';is then equal to (Ly, /vg,—Ly3). In this case, the
second B line (or trajectory) around the universe is simply usingO';, of x'=0+ constant,

=0+Kk.

2 when passes through p'
Ve78
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hence, it is found that x'= —Ly,. Now the position of the first meeting after the departure M",,
which is intersection of the trajectories x'=—Lygand x'=v', t' is
M’ =(-Lyg/V'a,—Lys) (7
The proper time (using 2-dimensional line element) of B can be calculated as he travels
from his first departure point to the first meeting at M, from (O'— M",). In his own frame,
AX'gmust be zero as he would not see himself moving on his own frame. Thus, the coordinate
time change of B will be the sum of At,(O'— L', )and At, (O, > M",), asAt'; = At, + At,, so:

(8)
At', =( L —OJ{—ﬁ—ﬂ]
Ve78 Via Vg
Then, by substituting the value of v', from equation (4) and y, =1//1-V{ , we obtain
At'y = Lt and Ax'; =0
78 (Vg —Va)
The line element can be written in the following form:
A% =As?[C? = At'y*—AXE 9)
Substituting the above values of x —t coordinates, proper time can be found to be:
10
AT’y = —L (10)
78 (Ve —V,)

Now A moves in B's frame from O' toM",, therefore
AX'y=—Lyg and At'y,=—Lyg /V',
Using line element for A to calculate the proper time:

A7 = (Aty)? — AXE (6)
Again, by substituting the values of x —t coordinate for A, we obtain
7
e ok (7)
7a(Ve —V,)

The results of equations (10) and (12) are consistent with the calculations made by an
observer on the earth's reference frame which is easier to obtain, as it does not need to use the
relativistic speed as it can be seen from Dray paper [1]. Hence, it can be seen that the faster
twin, B, is younger than A.

4. Results and Discussion

It is clear that the results of the calculation reaches equations (10) and (12) that the proper
time of twin B is smaller than proper time of twin A. Hence, twin B younger at the end of trip
than twin A. The equations (10) and (12) contain the Lorentz factor, the faster velocity gives
bigger Lorentz factor hence smaller proper time. These calculation is performed by the faster
twin, and it would give identical results if it is performed by the slower twin. One point of
discussion rises during this calculation, the existence of a preferred frame of reference, which
is due to having a cylindrical universe that is topologically multiply connected. This existence
of preferred frame does not affect the concept of spacetime interval which is conserved under
Lorentz transformations.
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5. Conclusions

A spatially closed universe has been used to resolve the problem of the acceleration of an
observer in the twin paradox, which makes both twins to be inertial throughout a journey
around the universe. The calculations in the closed universe model show that the observer
with a faster relativistic speed will be younger. Similar result obtained by T. Dray, as if one
observer stayed on earth whiles the other travels. While in the present calculation, both twins
are moving. It has been shown that the faster twin is always younger no matter the calculation
carried out by the faster or the slower observer in the closed universe.
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