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 Abstract 

In this paper we introduce semi-normed difference operator triple sequence spaces by using a double 

Orlicz-functions, so we study their diff erent properties like completeness, solidity, monotonicity, 

symmetricity etc. 
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Introduction   

   Throughout this paper 𝛺3 a symbol for the family of all complex or real triple 

sequences. Atriple sequences (complex or real) in [2][4] be a function from ℕ × ℕ × ℕ 

(natural numbers ) to (real or complex numbersℝ(ℂ)), and we denote 3𝑐0 all null spaces, 

3𝑐 the spaces of convergent, 3𝑙∞be a linear spaces 

Some new results of triple sequences spaces would studied by a double Orlicz 

functions using a function 𝐹 where 𝐹 = (𝐹1(𝑟), 𝐹2(𝑢)),let (𝑥, 𝑦)  = (𝑥𝑟,𝑢,𝑗 , 𝑦𝑟,𝑢,𝑗) be a 

triple infinite array of elements.  

Kizmaz [6] introduced single difference of single sequence space. We use this idea 

to define difference of triple sequence spaces as following:  

𝛺(∆) = { (𝑥𝑟 ) ) ∈ 𝛺: (∆𝑥𝑟 ) ∈ 𝛺}, 
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for 𝛺 = 𝑐 , 𝑐0, 𝑙∞, where ∆𝑥𝑟 =  𝑥𝑟 − 𝑥𝑟+1 for all 𝑟 ∈ ℕ. 

The  differences double sequence (∆𝑥, ∆𝑦)   is defined by: 

(∆𝑥, ∆𝑦) = (∆𝑥𝑟,𝑢, ∆𝑦𝑟,𝑢
 )𝑟,𝑢=1

∞ . 

Let  𝛺3(∆𝑟,𝑢,𝑗)the difference triple sequence spaces defined by :    

∆𝑟,𝑢,𝑗(𝑥𝑟,𝑢,𝑗) = 𝑥 𝑟,𝑢,𝑗  – 𝑥r,u+1,j   − 𝑥r,u,j+1  + 𝑥 𝑟,𝑢+1,𝑗+1 − 𝑥1+r,u,1+j – 𝑥1+r,1+u,j + 

𝑥1+r,u,1+j – 𝑥1+𝑟,𝑢,1+𝑗 + 𝑥 1+r,1+u,1+j  

  In this paper  we introduced the vector-valued triple sequence spaces by a double 

Orlicz-functions 𝐹 where 𝐹(𝑥, 𝑦) = (𝐹1(𝑥), 𝐹2(𝑦)) over semi-normed space (𝑋2, 𝑞) 

semi-normed by q, and construct some important properties of triple sequence spaces by 

a function 𝐹.  

Maysoon [7] and Zainab [3] defined the N-function as follows: 

Definition .1.1[3]. The double Orlicz functions is afunction  

  𝐹: [0, ∞) × [0, ∞) →: [0, ∞)  × [0, ∞) 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝐹(𝑢, 𝑣 )  =  (𝐹1(𝑢), 𝐹2(𝑣) ) 

  𝐹1: [0, ∞) →  [ 0, ∞) 𝑎𝑛𝑑: 𝐹2 [ 0, ∞ ) →  [ 0, ∞ ), 

such that 𝐹1,𝐹2 are Orlicz functions which are ,convex, non−decreasing ,even , 

continuous, and satisfies the four conditions : 

𝑖) 𝐹1(0) = 0 , 𝐹2(0)  =  0 →  𝐹(0,0)  =  (𝐹1(0) , 𝐹2(0) )  

𝑖𝑖) 𝐹1 (𝑢) > 0 , 𝐹2 (𝑣)  > 0 → 𝐹(𝑢, 𝑣) = (𝐹1 (𝑢) , (𝐹2 (𝑣)) > (0,0) 𝑓𝑜𝑟 𝑢 > 0 , 

 𝑣 > 0 , 𝑤𝑒 𝑚𝑒𝑎𝑛 𝑡ℎ𝑎𝑡 𝑏𝑦𝐹( 𝑢, 𝑣) > (0,0)  𝑡ℎ𝑎𝑡 𝐹1(𝑢) > 0 , 𝐹2(𝑣) > 0  

𝑖𝑖𝑖) 𝐹1(𝑢) → ∞ , 𝐹2(𝑣) → ∞ 𝑎𝑠  𝑢 , 𝑣 → ∞ 𝑡ℎ𝑒𝑛   

𝐹(𝑢, 𝑣) =  (𝐹1(𝑢), 𝐹2(𝑣)) →  (∞, ∞ )𝑎𝑠 (𝑢, 𝑣) → (∞, ∞)𝑤𝑒 𝑚𝑒𝑎𝑛 𝑏𝑦  

𝐹(𝑢, 𝑣) → (∞, ∞), 𝑡ℎ𝑎𝑡𝐹1(𝑢) → ∞, 𝐹2(𝑣) → ∞. 

Definition.2.1. Atriple sequence spaces 𝛺3 is called solidary if (𝛼𝑟,𝑢,𝑗𝑥𝑟,𝑢,𝑗,𝛽𝑟,𝑢,𝑗𝑦𝑟,𝑢,𝑗) ∈ 

𝛺3 whenever (𝑥𝑟,𝑢,𝑗, 𝑦𝑟,𝑢,𝑗) ∈ 𝛺3 for all triple sequence (𝛼𝑟,𝑢,𝑗,𝛽𝑟,𝑢,𝑗) of scalars 

with |𝛼𝑟,𝑢,𝑗| ≤ 1 ,| 𝛽𝑟,𝑢,𝑗| ≤ 1 and consequently |(𝛼𝑟,𝑢,𝑗,𝛽𝑟,𝑢,𝑗)|≤ 1, for all 𝑟, 𝑢 and 𝑗 ∈ ℕ. 

 

Definition.3.1. Atriple sequence space 𝛺3 is called monotone if it consists of the 

canonical- pre−images of all its step space.  
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Definition.4.1. Atriple sequence spaces 𝛺3 is called symmetric if  (𝑥𝑟,𝑢,𝑗, 𝑦𝑟,𝑢,𝑗) ∈ 𝛺3 

implies (𝑥𝜋(𝑟),𝜋(𝑢),𝜋(𝑗), 𝑦𝜋(𝑟),𝜋(𝑢),𝜋(𝑗)) ∈ 𝛺3 ,where 𝜋 is a permutation of ℕ. 

 

Definition5.1. Let  𝐹  be a double Orlicz-functions , 𝜑 ≥ 𝑜 is real numbers and 𝑝 =

(𝑝𝑟,𝑢,𝑗) be a factorable triple sequence of positive real . 

Definition6.1. Let 𝐹 be a double Orlicz functions which satisfies ∆2 −condition  and let 

0 < 𝛿 < 1, then for each 𝑥 ≥ 𝛿, 𝑦 ≥ 𝛿 we have 𝐹(𝑥, 𝑦) < 𝑘(𝑥, 𝑦)
1

𝛿
𝐹(2) for some 

constant 𝑘 > 0. 

Now we define difference operator triple sequence spaces  3𝑙∞, 3𝑐 , 3𝑐0 on asemi-normed 

space(𝑋2, 𝑞) seminormed by 𝑞 by 𝐹 as following: 

 

3𝑐(∆𝑛
𝑣 ,𝐹, 𝑝, 𝜑, 𝑞) =  {

 
 
 
( 𝑥 , 𝑦 ) ∈ 𝛺3 ∶  𝑝 – 𝑙𝑖𝑚𝑟,𝑢,𝑗→∞ (𝑟𝑢𝑗)−𝜑 [

 
 
 
(𝐹1 

(
𝑞|∆𝑛

𝑣  𝑥ᵣ,ᵤ,ⱼ−𝑙1  |

𝜌
))  ⱼ 

 (𝐹2 
(

𝑞|∆𝑢
𝑣  𝑦 ᵣ,ᵤ,ⱼ−𝑙2  |

𝜌
))

 
 
 
]

𝑝𝑟,𝑢,𝑗

= 0 , 𝑓𝑜𝑟 𝑠𝑜𝑚𝑒ⱼ1,ⱼ2  ∈ ℂ, φ ≥ 0, 𝜌 > 0

 
 
 
},where 

(𝐹1 
(

𝑞|∆𝑛
𝑣  𝑥ᵣ,ᵤ,ⱼ−𝑙1  |

𝜌
)) = 0 and (𝐹2 

(
𝑞|∆𝑢

𝑣  𝑦 ᵣ,ᵤ,ⱼ−𝑙2  |

𝜌
)) = 0. 

 
3𝑐0

( ∆𝑛
𝑣 , 𝐹, 𝑝, 𝜑, 𝑞) =  {

 
 
 
(𝑥, 𝑦 ) ∈ 𝛺3: 𝑝 – 𝑙𝑖𝑚𝑟,𝑢,𝑗→∞(𝑟𝑢𝑗)−𝜑 [

 
 
 
(𝐹1 

(
𝑞|∆𝑛

𝑣  𝑥ᵣ, ᵤ, ⱼ   |

𝜌
))  ⱼ 

 

  

(𝐹2 
(

𝑞|∆𝑛
𝑣  𝑦 ᵣ,ᵤ,ⱼ   |

𝜌
))

 
 

 

]

𝑝𝑟,𝑢,𝑗

= 0 𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝜌 >  0 , 𝜑 ≥ 0 

 
 
 
}, where(𝐹1 

(
𝑞|∆𝑛

𝑣  𝑥ᵣ,ᵤ,ⱼ   |

𝜌
)) = 0 , 

and (𝐹2 
(

𝑞|∆𝑛
𝑣  𝑦 ᵣ,ᵤ,ⱼ   |

𝜌
)) = 0. 

And : 

3ⱼ∞
 (∆𝑛

𝑣  ,𝐹, 𝑝, 𝜑, 𝑞) = {

 
 
 
(𝑥, 𝑦 ) ∈

 𝛺3: 𝑠𝑢𝑝 ᵣ, ᵤ, ⱼ(𝑟𝑢𝑗)−𝜑 [

 
 
 
(𝐹1 

(
𝑞|∆𝑛

𝑣  𝑥ᵣ,ᵤ,ⱼ   |

𝜌
)) ⱼ (𝐹2 

(
𝑞|∆𝑛

𝑣  𝑦 ᵣ,ᵤ,ⱼ   |

𝜌
))

 
 
 
]

𝑝𝑟,𝑢,𝑗

   

< ∞, 𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝜌 > 0, 𝑙1, 𝑙2 ∈ ℂ 𝑎𝑛𝑑 𝜑 ≥ 0 

 
 
 
},where(𝐹1 

(
𝑞|∆𝑛

𝑣  𝑥ᵣ,ᵤ,ⱼ   |

𝜌
)) < ∞,  and 

(𝐹2 
(

𝑞|∆𝑛
𝑣  𝑦 ᵣ,ᵤ,ⱼ   |

𝜌
)) < ∞.   
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 By meaning of Mursuleen[5],we can defined difference operator triple sequence 

spaces 3𝑙∞, 3𝑐 , 3𝑐0  on a  semi−normed (𝑋2, 𝑞) semi-normed by 𝑞 as follows: 

3ⱼ∞
 (∆, 𝐹, 𝑞 ) = {

 
 
 
(𝑥, 𝑦 ) ∈ 𝛺3: 𝑠𝑢𝑝ᵣ, ᵤ, ⱼ [ ( 𝐹1 ( 

𝑞|∆𝑥ᵣ,ᵤ,ⱼ|

𝜌
)) ⱼ (𝐹2  (

𝑞|∆𝑦ᵣ,ᵤ,ⱼ |

𝜌
)) ]

 

<

∞, 𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝜌 >0

 
 
 
},where ( 𝐹1 ( 

𝑞|∆𝑥ᵣ,ᵤ,ⱼ|

𝜌
)) < ∞ and (𝐹2  (

𝑞|∆𝑦ᵣ,ᵤ,ⱼ |

𝜌
)) < ∞. 

3𝑐0(∆, 𝐹, 𝑞 ) = {

 
 
 
(𝑥, 𝑦 ) ∈ 𝛺3 ∶ 𝑝 − lim

𝑟,𝑢,𝑗→∞
 [ ( 𝐹1 ( 

𝑞|∆𝑥ᵣ,ᵤ,ⱼ|

𝜌
)) ⱼ (𝐹2  (

𝑞|∆𝑦ᵣ,ᵤ,ⱼ |

𝜌
)) ]

 

=

0, 𝑓𝑜𝑟 𝑠𝑜𝑚𝑒    𝜌 >  0 

 
 
 
},where ( 𝐹1 ( 

𝑞|∆𝑥ᵣ,ᵤ,ⱼ|

𝜌
)) = 0 ,and(𝐹2  (

𝑞|∆𝑦ᵣ,ᵤ,ⱼ |

𝜌
)) = 0. 

And: 

3𝑐 (∆, 𝐹, 𝑞) = 

{

 
 
 
 

 ( 𝑥, 𝑦 ) ∈ 𝛺3 ∶ 𝑝 − lim
𝑟,𝑢,𝑗→∞

 [ ( 𝐹1 ( 
𝑞|∆𝑥ᵣ,ᵤ,ⱼ−𝑙1|

𝜌
)) ⱼ (𝐹2  (

𝑞|∆𝑦ᵣ,ᵤ,ⱼ−𝑙2 |

𝜌
)) ]

 

=

0, 𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝑙1, 𝑙2 ∈ ℂ

 
 
 ,
 

𝜌 > 0},where( 𝐹1 ( 
𝑞|∆𝑥ᵣ,ᵤ,ⱼ−𝑙1|

𝜌
)) = 0 𝑎 nd(𝐹2  (

𝑞|∆𝑦ᵣ,ᵤ,ⱼ−𝑙2 |

𝜌
)) = 0 

also ,by  Asma [1] we can defined difference operator  triple sequence 

spaces 3𝑙∞, 3𝑐 , 3𝑐0  on asemi-normed (𝑋2, 𝑞)semi−normed by 𝑞, as follows  : 

3ⱼ∞
 (ⱼ, ∆, 𝐹, 𝑞 ) = {

 
 
 
 ( 𝑥, 𝑦 ) ∈ 𝛺3 ∶ 𝑠𝑢𝑝ᵣ, ᵤ, ⱼ [

 
 
 
 (

 
𝐹1

 
( 

𝑞|ⱼᵣ,ᵤ,ⱼ△𝑥ᵣ,ᵤ,ⱼ|

𝜌
)) ⱼ (𝐹2( 

𝑞|ⱼᵣ,ᵤ,ⱼ△yᵣ,ᵤ,ⱼ|

𝜌
) 

 
 
 
)

 
 
 
] < ∞ , 

𝑓𝑜𝑟 𝑠𝑜𝑚𝑒  𝜌 > 0 

 
 
 
}. 

3𝑐 (ⱼ, ∆, 𝐹, 𝑞) = 

{

 
 
 
 

( 𝑥, 𝑦 ) ∈ 𝛺3:𝑝 − 𝑙𝑖𝑚
𝑟,𝑢,𝑗→∞

 [

 
 
 
(

 
 𝐹1 (

𝑞|ⱼᵣ,ᵤ,ⱼ△𝑥ᵣ,ᵤ,ⱼ−𝑙1|

𝜌
)

 
 ) ⱼ (

 
 𝐹2(

𝑞|ⱼᵣ,ᵤ,ⱼ△yᵣ,ᵤ,ⱼ−𝑙2|

𝜌
)
 
 )

 
 
 
] =

0 , 𝑓𝑜𝑟 𝑠𝑜𝑚𝑒  𝑙1, 𝑙2 ∈ ℂ

 
 
 
 

, 𝜌 > 0 }  
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3𝑐0 (ⱼ , ∆, 𝐹, 𝑞 ) = {

 
 
 
( 𝑥, 𝑦 ) ∈ 𝛺3: 𝑝 − lim

𝑟,𝑢,j→∞
 [

 
 
 
(

 
 
 
𝐹1( 

𝑞|ⱼᵣ,ᵤ,ⱼ△xᵣ,ᵤ,ⱼ|

𝜌
)

 
 
 
) ⱼ  (

 
 
 
𝐹2 ( 

𝑞|ⱼᵣ,ᵤ,ⱼ△yᵣ,ᵤ,ⱼ|

𝜌
) 

 
 
 
)

 
 
 
] = 0 𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝑝 > 0 

 
 
 
 

},  where ⱼ = (ⱼ𝑟,𝑢,𝑗) be a triple sequence. 

2. Main Results. 

Proposition.2.2. Let 𝐹 = (𝐹1, 𝐹2)be a double Orlicz-functions satisfy the ∆2_conditions, 

then  

      𝑖) 𝛺3(𝐹2 
, ∆, 𝑞) ⊂ 𝛺3(𝐹1 

, ∆, 𝑞)   for    𝛺3 = 3𝑙∞, 3𝑐 , 3𝑐0 if 𝐹2  
(𝑥, 𝑦) ≤ 𝐹1 

(𝑥, 𝑦)  

∀(𝑥, 𝑦) ∈ [0, ∞) × [0, ∞). 

     𝑖𝑖) 𝛺3(𝐹1 
, ∆, 𝑞) ⊂ 𝛺3(𝐹  ° 𝐹1 

, ∆, 𝑞) for  𝛺3 = 3𝑙∞, 3𝑐 , 3𝑐0 . 

Proof. (𝑖) The proof is obvious. 

              (𝑖𝑖) Consider 𝛺3 =  3𝑐   . Let (𝑥, 𝑦) ∈ 3𝑐(∆ , 𝐹1 
, 𝑞)  . 

Then for some 𝜌 > 0, 

3𝑐 (∆, 𝐹, 𝑞) = 

{

 
 
 
( 𝑥, 𝑦 ) ∈ 𝛺3:𝑝 − lim

𝑟,𝑢,j→∞
[𝐹1 

( 𝑞 ( 
|∆𝑥ᵣ,ᵤ,ⱼ−𝑙1|

𝜌
)) ⱼ 𝐹2 

( 𝑞 ( 
|∆𝑦ᵣ,ᵤ,ⱼ−𝑙2|

𝜌
))] 

 
 

= 0 𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝜌 > 0

 
 
 
}  ,where 

𝐹1 
( 𝑞 ( 

|∆𝑥ᵣ, ᵤ, ⱼ − 𝑙1|

𝜌
)) → 0 , 𝑎𝑠 𝑟, 𝑢, 𝑗 → ∞ 

𝐹2 
( 𝑞 ( 

|∆𝑦ᵣ, ᵤ, ⱼ − 𝑙2|

𝜌
)) → 0 𝑎𝑠 𝑟, 𝑢, 𝑗 → ∞. 

By (𝑖) we get [𝐹  (𝑥, 𝑦) ≤ 𝐹1 
(𝑥, 𝑦)].  

Then 𝐹  [

 
 
 
𝐹1 

( 𝑞 ( 
|∆𝑥ᵣ,ᵤ,ⱼ−𝑙1|

𝜌
))

 
 
 
] → 0, 𝑎𝑠 𝑟, 𝑢, 𝑗 → ∞. 

(𝐹  ° 𝐹1 ) ( 𝑞 ( 
|∆𝑥ᵣ, ᵤ, ⱼ − 𝑙1|

𝜌
)) → 0 , 𝑎𝑠  𝑟, 𝑢, 𝑗 → ∞. 

Hence (𝑥, 𝑦) ∈  𝛺3(𝐹  ° 𝐹1 
, ∆, 𝑞).  We can be proved the spaces 3𝑙∞, 3𝑐0 by a similar 

way.                                                                                                                                                        

 This complete the prove.  
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Theorem2.3.The space 𝛺3(∆𝑛
𝑣 , 𝐹, 𝑝, 𝑞, 𝜑) are paranormed space , paranormed by 

𝑔(𝑥, 𝑦) = ∑  |𝑥𝑟,𝑢,𝑗 + 𝑦𝑟,𝑢,𝑗|    +𝑚,𝑙,𝑛
𝑟,𝑢,𝑗=1

𝑖𝑛𝑓 {

 
 
 
𝜌

𝑝𝑟,𝑢,𝑗
𝐻 : 𝑠𝑢𝑝𝑟,𝑢,𝑗 [

 
 
 
𝐹1 

( 𝑞 ( 
|∆𝑣𝑥ᵣ,ᵤ,ⱼ|

𝜌
)) ⱼ 𝐹2𝑟 

( 𝑞 ( 
|∆𝑣𝑦ᵣ,ᵤ,ⱼ|

𝜌
))

 
 
 
] ≤ 1

 
 
 
},  

where 𝐻 = 𝑚𝑎𝑥 (1 , 𝑠𝑢𝑝𝑟,𝑢,𝑗𝑝𝑟,𝑢,𝑗),  and  𝛺3 =  3𝑙∞, 3𝑐 , 3𝑐0. 

Proof.    We prove this theorem for the space 3𝑙∞(∆𝑢
𝑣 , 𝐹, 𝑝, 𝑞, 𝜑)and the spaces 

3𝑐0, 3𝑐 proved with  a similar way. 

Clearly 𝑔(−𝑥) =  𝑔(𝑥), 𝑔(−𝑦) = 𝑔(𝑦), 

let (𝑥𝑟,𝑢,𝑗)and (𝑦𝑟,𝑢,𝑗) be any two triple sequences belong to any one of the spaces 

𝛺3(∆𝑛
𝑣 , 𝐹, 𝑃, 𝑞, 𝜑), for 𝛺3 = 3𝑙∞, 3𝑐 and 3𝑐0  .Then we have 𝜌1, 𝜌2  >  0 such that  

 

𝑠𝑢𝑝𝑟,𝑢,𝑗𝐹1 (
𝑞|∆𝑛

𝑣   𝑥𝑟,𝑢,𝑗|

𝜌1
) ≤ 1 

And 

𝑠𝑢𝑝𝑟,𝑢,𝑗𝐹2(
𝑞|∆𝑛

𝑣   𝑦𝑟,𝑢,𝑗|

𝜌2
) ≤ 1 

Let 𝜌 = 𝜌1 + 𝜌2.Then by convexity of 𝐹 ,we have  

𝑠𝑢𝑝𝑟,𝑢,𝑗𝐹 (
𝑞|∆𝑛

𝑣 (𝑥𝑟,𝑢,𝑗 + 𝑦𝑟,𝑢,𝑗)|

𝜌
) ≤ (

𝜌1

𝜌1 + 𝜌2
) 𝑆𝑢𝑝𝑟,𝑢,𝑗𝐹1 (

𝑞|∆𝑛
𝑣 𝑥𝑟,𝑢,𝑗|

𝜌1
) 

+ (
𝜌2

𝜌1 + 𝜌2
) 𝑆𝑢𝑝𝑟,𝑢,𝑗𝐹2 (

𝑞|∆𝑛
𝑣 𝑦𝑟,𝑢,𝑗|

𝜌1
) ≤ 1. 

Hence we have  

𝑔(𝑥 + 𝑦) = ∑ |𝑥𝑟,𝑢,𝑗 + 𝑦𝑟,𝑢,𝑗| + 𝑖𝑛𝑓{

𝑚,𝑙,𝑛

𝑟,𝑢,𝑗

𝜌
𝑝𝑟,𝑢,𝑗

𝐻 : 𝑆𝑢𝑝𝑟,𝑢,𝑗𝐹(
𝑞|∆𝑛

𝑣   (𝑥𝑟,𝑢,𝑗 + 𝑦𝑟,𝑢,𝑗)|

𝜌
) ≤ 1} 

≤ ∑ |𝑥𝑟,𝑢,𝑗| + 𝑖𝑛𝑓{𝜌1

𝑝𝑟,𝑢,𝑗
𝐻

𝑚,𝑙,𝑛

𝑟,𝑢,𝑗=1

: 𝑆𝑢𝑝𝑟,𝑢,𝑗𝐹1(
𝑞|∆𝑛

𝑣   𝑥𝑟,𝑢,𝑗|

𝜌1
)} 

+ ∑ |𝑦𝑟,𝑢,𝑗| + 𝑖𝑛𝑓{𝜌1

𝑝𝑟,𝑢,𝑗
𝐻

𝑚,𝑙,𝑛

𝑟,𝑢,𝑗=1

: 𝑆𝑢𝑝𝑟,𝑢,𝑗𝐹2(
𝑞|∆𝑛

𝑣   𝑦𝑟,𝑢,𝑗|

𝜌2
) ≤ 1} 

This implies that 

 𝑔(𝑥 + 𝑦) ≤ 𝑔(𝑥) + 𝑔(𝑦). 

The continuity of the scalar multiplication follows from the following inequality: 

𝑔(𝑘′𝑥) = {

 
 
 
 ∑ |𝑘′𝑥𝑟,𝑢,𝑗| + inf {𝜌1

𝑝𝑟,𝑢,𝑗
𝐻

𝑚,𝑙,𝑛
𝑟,𝑢,𝑗=1 : 𝑆𝑢𝑝𝑟,𝑢,𝑗𝐹1 (

𝑞|∆𝑛
𝑣   𝑘′𝑥𝑟,𝑢,𝑗|

𝜌1
) +  

∑ |𝑘′𝑦𝑟,𝑢,𝑗| + 𝑖𝑛𝑓{𝜌2

𝑝𝑟,𝑢,𝑗
𝐻

𝑚,𝑙,𝑛
𝑟,𝑢,𝑗=1 : 𝑆𝑢𝑝𝑟,𝑢,𝑗𝐹2(

𝑞|∆𝑛
𝑣   𝑘′𝑦𝑟,𝑢,𝑗|

𝜌1
)

 
 
 
} ≤ 1  
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= |𝑘′| ∑ |𝑥𝑟,𝑢,𝑗| + inf {(𝑇|𝑘′|)
𝑝𝑟,𝑢,𝑗

𝐻
𝑚,𝑙,𝑛
𝑟,𝑢,𝑗=1 : 𝑆𝑢𝑝𝑟,𝑢,𝑗𝐹1 (

𝑞|∆𝑛
𝑣   𝑥𝑟,𝑢,𝑗|

𝜌1
) + |𝑘′| ∑ |𝑦𝑟,𝑢,𝑗| +𝑚,𝑙,𝑛

𝑟,𝑢,𝑗=1

𝑖𝑛𝑓{(𝑇|𝑘′|)
𝑝𝑟,𝑢,𝑗

𝐻 : 𝑆𝑢𝑝𝑟,𝑢,𝑗𝐹2 (
𝑞|∆𝑛

𝑣   𝑦𝑟,𝑢,𝑗|

𝜌1
) 

 
 
 
} ≤ 1. 

 

Hence the spaces 𝛺3(∆𝑛
𝑣 , 𝐹, 𝑝, 𝑞, 𝜑) for 𝛺3 = 3𝑙∞, 3𝑐0𝑎𝑛𝑑 3𝑐 are paranormed spaces.                                                                                  

                                                                                                                                                                    ∎                                                                    

Theorem.2.4.Suppose a semi−normed space (𝑋2, 𝑞) which is complete,where 

 𝛺3 = 3𝑙∞, 3𝑐 , 3𝑐0 are complete semi−normed spaces semi−normed by 

𝜑(𝑥, 𝑦) = 𝑖𝑛𝑓 {

 
𝜌 > 0

 
: 𝑠𝑢𝑝𝑟,𝑢,𝑗 [

 
 
 
𝐹1 (

𝑞|∆ 
𝑣   𝑥𝑟,𝑢,𝑗|

𝜌1
) ⱼ 𝐹2 (

𝑞|∆ 
𝑣   𝑦𝑟,𝑢,𝑗|

𝜌1
)

 
 
 
] ≤ 1

 
 
 
} , where 

𝐹1 (
𝑞|∆ 

𝑣   𝑥𝑟,𝑢,𝑗|

𝜌1
) ≤ 1 , and 𝐹2 (

𝑞|∆ 
𝑣   𝑦𝑟,𝑢,𝑗|

𝜌1
) ≤ 1. 

Proof. 

Let  ( 𝑥𝑟,𝑢,𝑗
𝑖 , 𝑦𝑟,𝑢,𝑗

𝑖   ) be any triple Cauchy sequence in 3ⱼ∞
 (∆𝑛

𝑣 ,𝐹 , q) where 𝑥𝑖 , 𝑦𝑖 is a 

Cauchy sequence, such that (𝑥𝑟,𝑢,𝑗
𝑖 ) and (𝑦𝑟,𝑢,𝑗

𝑖 ) be a triple Cauchy sequence in 

3ⱼ∞
 (∆𝑛

𝑣 ,𝐹1 
, 𝑞) , 3ⱼ∞

  (∆𝑛
𝑣 ,𝐹2 

, 𝑞 )  respectively. 

Let fixed numbers  𝑚1, 𝑚2 > 0, then for all  
𝜖

𝑚1𝑚2
 > 0, ∃ a positive integers 𝑁 such that 

 (‖𝑥𝑖 −  𝑥𝑡‖ ∆𝑛
𝑣    , ‖ 𝑦𝑖 − 𝑦𝑡 ‖ ∆𝑛

𝑣  )  < 
∈

𝑚1𝑚2
 , 𝑓𝑜𝑟 𝑎𝑙𝑙  𝑖 , 𝑡 ≥ 𝑁 , 𝑎𝑙𝑠𝑜 𝑓𝑜𝑟 𝑚2 >

0, choose 𝐹(
𝑚1𝑚2

2
) ≥ 1 

Using the definition of seminorm , we have , 

[

 
 
 
𝑠𝑢𝑝𝑟,𝑢,𝑗   

 [

 
 
 
( 𝐹1  

(
𝑞|∆𝑛

𝑣  𝑥𝑖ᵣ,ᵤ,ⱼ −∆𝑛
𝑣 𝑥𝑡ᵣ,ᵤ,ⱼ  |

𝜑(𝑥,𝑦)(𝑥𝑖−𝑥𝑡)    
) )ⱼ (𝐹2 

( 
𝑞⃒∆𝑛

𝑣  𝑦𝑖 ᵣ,ᵤ,ⱼ −∆𝑛
𝑣 𝑦𝑡ᵣ,ᵤ,ⱼ⃒  

𝜑(𝑥,𝑦)(𝑦𝑖−𝑦𝑡)    
) )

 
 
 
]

  
 
 
]

 

≤  𝐹 (
𝑚1𝑚2

2
), 

 𝑓𝑜𝑟 𝑎𝑙𝑙  𝑖 , 𝑡 ≥ 𝑁, where 

[

 
 
 
𝑠𝑢𝑝𝑟,𝑢,𝑗   

 [

 
 𝑞
 

( 𝐹1  
(

|∆𝑛
𝑣  𝑥𝑖ᵣ,ᵤ,ⱼ −∆𝑛

𝑣 𝑥𝑡ᵣ,ᵤ,ⱼ  |

𝜑(𝑥,𝑦)(𝑥𝑖−𝑥𝑡)   
) )

 
 
 
] ≤  𝐹 (

𝑚1𝑚2

2
), 

[

 
 
 
𝑠𝑢𝑝𝑟,𝑢,𝑗 [

 
 𝑞
 

(𝐹2 
( 

⃒∆𝑛
𝑣  𝑦𝑖 ᵣ,ᵤ,ⱼ −∆𝑛

𝑣 𝑦𝑡ᵣ,ᵤ,ⱼ⃒  

𝜑(𝑥,𝑦)(𝑦𝑖−𝑦𝑡)    
) )

 
 
 
]

  
 
 
]

 

≤  𝐹 (
𝑚1𝑚2

2
). 

So, 

such that , (
⃒∆𝑛

𝑣 𝑦𝑖ᵣ,ᵤ,ⱼ −∆𝑛
𝑣 𝑦𝑡ᵣ,ᵤ ,ⱼ⃒ 

  𝜑(𝑥,𝑦)(𝑦𝑖−𝑦𝑡)
))

 
 
 
]  ≤ 1 (

⃒∆𝑛
𝑣   𝑥𝑖ᵣ,ᵤ,ⱼ −∆𝑛

𝑣   𝑥𝑡 ᵣ,ᵤ,ⱼ   

    𝜑(𝑥,𝑦)(𝑥𝑖−𝑥𝑡)
))ⱼ(𝐹2  𝑞 [

 
 
 
(𝐹 1 

  

 𝑞 [

 
 
 
( 𝐹1 

(
 ⃒  ∆𝑛

𝑣   𝑥𝑖 ᵣ,ᵤ,ⱼ −∆𝑛
𝑣   𝑥𝑡ᵣ,ᵤ,ⱼ |

    𝜑(𝑥,𝑦)(𝑥𝑖−𝑥𝑡) 
) ) ⱼ(𝐹2  

( 
  ⃒∆𝑛

𝑣 𝑦𝑖ᵣ,ᵤ,ⱼ −∆𝑛
𝑣 𝑦𝑡ᵣ,ᵤ ,ⱼ⃒

𝜑(𝑥,𝑦)(𝑦𝑖−𝑦𝑡)    
) )

 
 
 
] ≤  
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𝑞 [

 
 
 
(𝐹1  

(
𝑚1𝑚2

2
) ) ⱼ(𝐹2  

(
𝑚1 𝑚2

2
) ) 

 
 
 
] ≥ 1. 

 The implies that 

  ⃒( ∆𝑢
𝑣  𝑥𝑖ᵣ, ᵤ, ⱼ − ∆𝑢

𝑣 𝑥𝑡ᵣ, ᵤ, ⱼ , ∆𝑢
𝑣  𝑦𝑖  ᵣ, ᵤ, ⱼ − ∆𝑢

𝑣 y𝑡ᵣ, ᵤ, ⱼ) ⃒ ≤ 

1

2
𝑚1𝑚2 ×

1

𝑚1𝑚2
𝜖 =  

1

2
𝜖  , for all 𝑟, 𝑢 and j we get  

 ⃒  ∆𝑛
𝑣  𝑥𝑖

𝑟,𝑢,𝑗  − ∆𝑛
𝑣 𝑥𝑡

𝑟,𝑢,𝑗   , ∆𝑛
𝑣  𝑦𝑖

𝑟,𝑢,𝑗
 − ∆𝑛

𝑣 𝑦𝑡
𝑟,𝑢,𝑗

 ⃒ ≤  
∈

2
 , 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑖 , 𝑡 ≥ 𝑁 . 

Hence (∆ 
𝑣 𝑥𝑟,𝑢,𝑗

𝑖  ) , (∆ 
𝑣 𝑦𝑟,𝑢,𝑗

𝑖 )  are triple Cauchy sequence in ℝ such that 

(∆𝑛
𝑣 𝑥𝑟,𝑢,𝑗

𝑖  , ∆𝑛
𝑣  𝑦𝑟,𝑢,𝑗

𝑖  ) atriple Cauchy sequence in ℝ × ℝ × ℝ, such that  

(∆𝑣𝑥𝑖
𝑟,𝑢,𝑗) , (∆𝑣𝑦𝑖

𝑟,𝑢,𝑗
) are triple Cauchy sequence in 3ⱼ∞

  (∆𝑢
𝑣 ,  𝐹1 

, 𝑞) and  

3ⱼ∞
 (∆𝑢

𝑣 ,  𝐹1 
, 𝑞).Therefore each 0 <  𝜖 <  1 ),there exist a positive integer 𝑁 such that   

⃒(∆ 
𝑣 𝑥𝑟,𝑢,𝑗

𝑖  − ∆ 
𝑣𝑥𝑟,𝑢,𝑗

𝑡  
 , ∆ 

𝑣𝑦𝑟,𝑢,𝑗
𝑖 − ∆ 

𝑣 𝑦𝑟,𝑢,𝑗
𝑡 ) ⃒<∈ 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑖, 𝑡 ≥ 𝑁 

Now ,using  the continuity of 𝐹1 
, 𝐹2   for each 𝑟, 𝑢 we get : 

𝑠𝑢𝑝𝑟,𝑢,𝑗≥𝑁 [

 
 
 
𝑞 [

 
 
 
(𝐹1 

(
∆𝑛

𝑣  xiᵣ,ᵤ,ⱼ− lim
𝑡→∞

∆𝑛
𝑣  xiᵣ,ᵤ,ⱼ 

𝜌
 ) )ⱼ(𝐹2  

(
∆𝑛

𝑣  yiᵣ,ᵤ,ⱼ− lim
𝑡→∞

  ∆𝑛
𝑣  𝑦iᵣ,ᵤ,ⱼ
 

 

𝜌
 ) )

 
 
 
] ≤ 1. 

Thus 

  𝑠𝑢𝑝𝑟,𝑢,𝑗≥𝑁 [

 
 
 
𝑞 [

 
 
 
( 𝐹1 

( 
 ⃒ ∆𝑛

𝑣  xiᵣ,ᵤ,ⱼ−∆𝑛
𝑣  x  ᵣ,ᵤ,ⱼ ⃒

𝜌
 )) ⱼ( 𝐹2 

(
 ⃒ ∆𝑛

𝑣  yiᵣ,ᵤ,ⱼ−∆𝑛
𝑣  y ᵣ,ᵤ,ⱼ ⃒

𝜌
 ) )

 
 
 
]

 
 
 
]

 

≤ 1  

Taking infimum of 𝜌,𝑠  we have 

 𝑖𝑛𝑓 {

 
 
 
𝜌 > 0 ∶ [

 
 
 
𝑠𝑢𝑝𝑟,𝑢,𝑗≥𝑁 𝑞 [

 
 
 
(𝐹1 

( 
 ⃒ ∆𝑛

𝑣  xiᵣ,ᵤ,ⱼ−∆𝑛
𝑣  x ᵣ,ᵤ,ⱼ ⃒

𝜌
 )) ⱼ (𝐹2 

(
 ⃒ ∆𝑛

𝑣  yiᵣ,ᵤ,ⱼ−∆𝑛
𝑣  y ᵣ,ᵤ,ⱼ ⃒

𝜌
) ) 

 
 
 
]

 
 
 
]

 

≤ 1

  
 
 
} ≤ 𝜖 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑖 ≥ 𝑁 𝑎𝑛𝑑 𝑡 → ∞ 

Since (𝑥𝑖 , 𝑦𝑖)  ∈  3ⱼ∞
 (∆𝑛

𝑣  , 𝐹 , q ) and 𝐹1 
, 𝐹2  

 be an a double Orlicz functions , then 

 𝐹 = (𝐹1 
, 𝐹2  

) is an  a double Orlicz functions for each  𝑟, 𝑢 and by continuous , we get that 

(𝑥 , 𝑦 ) ∈ 3ⱼ∞
  (∆𝑛

𝑣  , 𝐹 , q)is linear  .Then  3ⱼ∞
  (∆𝑛

𝑣  , 𝐹 , q)  is seminorm.                                                        

The rest of proof 3𝑐, 3𝑐0 is like the previous case 3𝑙∞. 
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