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ABSTRACT

Background:

This study gives a new generalization to Ids called Pn-Id. If for all a,b € R with ab € I and a & V0
then b € +/1, and a proper Id P of R is known as a Pn — Id. It investigates some properties for example
every element in I is nilpotent if Iis an Pn — Id of R, of Pn-1ds analogous to n-lds and P1l. Some
characterizations such as If I is a Pn —Id of R, then I is also J —Id for generalization and it is proved that
every element in Pn- Ids is nilpotent. Accordingly, New versions of some theorems and proposition about
Pn-Ids are given.

Materials and Methods:

In this paper we used the n — ideal and r — ideal to define Pn —ideal.

Results:

This strategy is continued in the second half of the study, when piecemeals are introduced as a
generalization of n — Id. A PI I of R issaid to be a Pn —Id if the condition ab € I witha & v/ 0
implies b € VI.forall a,b € R. The notion of Pn — Id is given and some properties of Pn — Ids
are investigated like to n —Ids. In Lemma 2.2, obtain everyn —Id is Pn —Id. Also, if I isa Pn — I

iff VIisann —I. Itis proved (Proposition 2.5) that If ]/1 isapn— Idin R/I, then Jisa Pn — Id
inR.

Conclusion:

This study provides a new generalization to Ids called Pn-Id. If for all a,b € R with ab € I and a ¢ V0
then b € /1, then a proper 1d P of R is known as a Pn —Id. Some properties of Pn-Ids analogous to n-lds
and Pl are investigated. Giving characterizations for such generalization proved that every element in I is
nilpotent, when I is a Pn-Id. Consequently, new versions of some theorems and proposition about Pn-Ids
are given.
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INTRODUCTION

R will be a commutative ring with nonzero identity for duration of this paper in [1], VI =
{a € Rla™ €1 for somen € N} is used to represent the radical I. It is specifically referred to
as the set of all nilpotents in R as /0, that means {a € R|a™ = 0 for somen € N} [1].In[2], A
Pl P of R is a proper Id with the property that for any a,b € R, ab € P implies either a € P
or b € P.In commutative ring theory, primary Ids play a significant role. A proper Id A ofaring
R is primary if pq € A implies p € Q or q € VA . In[3], A proper Id If whenever a,b,c € R
and abc € I, then ab € Iorc € +/I,then I of R is defined to asa 1 —absorbing Pl of R. In [4],
A proper Id P of a, ring R is known as an I — Pl if when,ever a,b € R with ab € P — IP then
a € Porb € P. In[5], A proper Id If whenever a,b,c € R and abc € I, then ab € I orac €
VI or bc € V1, then of R is referred to as a 2 — absorbing primary Id of R. In [6], A proper Id
when a,b € Rwithab € I and a € J(R), then b € I where J(R) is the Jacobson radicall of R,
then I of aring R isreferredtoasa J — Id.

Recently, In [7], Tekir, Koc and Oral the class of n — Id was defined and researched as a

subclass of r —Id. If whenever a,b € R with ab € I and a & /0 then b € I, then a proper Id I of
R to be an n-Id. In [8], Mohamadian if when,ever a,b € R with ab € I and if ann(a) = 0, it
follows that b € I, where ann(a) ={r € R |ar = 0}. In [9] Weakly primary Ids were first
introduced and studied by Ebrahimi Atani and Farzali pour in 2005.In [10], A proper Id P of a
commutative ring R is weakly primary if 0 = pq € P impliesp € Porq € VP .
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This strategy is continued in the second half of the study, when piecemeals are introduced as
ageneralization of n — Id. A Pl of R is saidto be a Pn —Id if the condition ab € I witha &/ 0

implies b € VI.forall a,b € R. The notion of Pn — Id is geven and some properties of Pn — Ids
are investigated like to n —Ids. In Lemma 2.2, obtain everyn —l is Pn —Id. Also, if [ isa Pn —1

iff VIisann —1I. It isproved (Proposition 2.5) that If ]/I isapn— Id in R/I, then Jisa Pn —
Id inR.

2. Pn -Ideal

The aim of this section is to study the Pn - ideals in commutative rings.

Definition 2.1. A properld I of Rissaidtoasa Pn— Id ifand onlyifa,b € R withab € 1
and a & /0 then b € VI.

Lemma 2.2. Every n — Id is Pn — Id. However, the opposite is not generally true.
Considerthe | <8 >={8n:n € Z} inZ,is Pn —Id, but not n —Id, since 2,4 € 7Z,2.4 = 8 €<
8 >and 2™ # O but 4 ¢< 8 >.

Proposition 2.3. Every element in I is nilpotent if I isan Pn — Id of R.

Proof: Let I be an Pn —Id of R. Assume that I & /0. Then thereis a € Iand a € /0, sin,ce
a.l=ae€l,andlisaPn —Idthen 1 € VI and 1" € I for some n € N imples that 1 €

I, then I = R, a contradiction. Hence I € /0.

Proposition 2.4. Let I be proper Id of R. Then I'isa Pn — Id if and only if v isann — Id.
Proof: Consider that I isaPn—Id. Assume ab € R,a,b € VI ,a ¢ +/0.Since a®b™ € I, a" ¢

VO, b™ e V1. (b™)". Then b € I.

Conversely, letvTbeann —I. Leta, b € R,ab € I and a® # 0, since I € /I, then ab € VT and
a® # 0.1 isan-I, therefore b € /1.

Proposition 2.5. Let I be an Pn —Id contained in J. If ]/I isapn— Idin R/I, then JisaPn —
Id in R.

Proof: Assume I, ]/1 be two Pn — Ids. To show J isPn —IdinR. Leta, b € R,ab € ] and
a™ # 0. There are 2 cases:

Casel: If (a+ )" =a"+1=1thena" € [,a €I ,since I <] then VI € ,/J and we get

a€ J].

Case2: If (a+I)*=a™+1+1I,then (a+1)(b +1)=(ab)+1E€ /]/I.so(b+1)"=

b" + 1€ ]/Iimples b"e€Jand b € ﬂ Hence JisaPn —Id inR.
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Proposition 2.6. Let {I;};cy be a non — empty set of Pn —Ids of R. Then, N;cy I; isa Pn—Id
of R.
Proof: Assume ab € N,y I; Witha & V0,V a, b € R. Then ab € I; for all i € N. Since I; is a

pn— Id,then b €. fI; andso b € Nicy JI; = / Nien I -

Proposition 2.7. APl P of R, is Pn —Id iff I = 0.
Proof: Assume that I is a Pl of R. It is obvious that vO € I. If itis Pn — Id of R, by Propo,sition

2.31 =+/0since I < 0.

For the opposite, suppose I = /0. Let ab € I,a & V0, for a,b € R.then b € I because I is
prime and a & /0 , I is Pn-Id of R because since I = /1.

Corollary 2.8.4/0 isan Pn — Id of R iff itis a Pl of R.

Proof: Let ab € v0 and a € /0. Since V0 is an Pn — Id of R, we conclude that b € +/0. Hence
V0 isaPl of R, conversely Letv/O isa Pl of R,then by Proposition 2.8 [10], if +/0 isan — Id of
R and by Lemma 2.2,+/0isaPn — Id of R

Proposition 2.9. For any ring R, if every proper Id is pn —Id, then R has a unige Pl which is /0.

Proof: Let P be a Pl of R then by Proposition 2.8 [10], we obtain P = /0 when
necessary.Additionally, /0 isa maximall of R.

Proposition 2.10. For any ring R, if every proper principle Id is n — Id, then every proper Id is a
Pn —Id.

Proof: Suppose I be a pro,per Id of R and ab € I, where a & /0. Since ab €< ab > and <

ab > isn —Id of R, we conclude that b €< ab >< I €+/I.Then, I isa Pn — Id of R.

Theorem 2.11. Let S be a multiplicatively closed subset of R and let I be an Id of R such that
INS =@.Then, aPn-Id J belong inIsuchthat Jn § = @.

Proof : Consider the set § = {I' : I"isanl of Rwith I'n S = @} Sincee I € B, there are [ + @.

By Zorn’s lemma [7],] becomes our maximum member. we must prove that Jisan n —Id of R.
Assume that not. ifa,b € R such thatab € J,a&+v0andb & J.Thus b € (J : @) and ] S

(J : a). By the maximality of J, we know (J : a) N S # @, and thus there exists an s € S and
Sisan multiplicatively closed subset of R. Thus, S N J # @ and this contradicts with ] €
Hence J isa Pn —Id of R.

Proposition 2.12. If I isa Pn —Id of R, then I isalsoJ —Id.

Proposition 2.13. If +/0 is Pn —Id of R, then it is a primary Id of R.

Corollary 2.14. If +/0 is Pn —Id of R, then it is a 2 — absorbing primary Id of R.

Theorem 2.15. If v/0 is 1 — absorig primary Id of R if and only if /0 is Pn —Id of R.
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Proof: Let ab € /0 for a, b € R, it may be assumed that a, b are nonunits element of R. Let n >
2 be an even positive integer such,that (ab)™ € +/0. Then n = 2m for some positive integer

m > 1.Since (ab)"™ = a™b™ = a™a™b" € V0 and /0 is a 1 — absobrnig PI. It is concluded,
that a™a™ = a™ € VO or b €+/0.Soa € VO orb € /0.0 isaPlso+0 is Pn —Id of R.

Corollary 2.16.
1. 1f/0 is Pn —Id of R, then it is weakly primary Id of R.
If VI is pn —Id of R, then itis a primary Id of R.
If VI is pn —Id of R, then itis 1 — absorbing primary Id of R.
If VI is pn —Id of R, then itis 2 —absorbing primary ld of R.

> w

Theorem 2 .17. If 0 is I — prime and (v0)~ & IV/0, then V0 is an Pn — Id.
Proof: By Theorem 2.2 [6],+/0 is a PI, then by Corollary 2.8, +/0 is n —Id, since v+/0 = v0. The
result is V0 is pn —Id.
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