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ABSTRACT
In this research, the concepts injective and projective semi modules have been generalized to

generalized-injective(projective) and essentially-injective semimodules, also the relationship of these
concepts with almost-injective(projective) semimodules have been discussed. The semiring having the
properties that every quasi- injective semimodule is injective and every almost self-injective semimodule
is injective have been defined. Some results between these concepts have been obtained like, every almost-
injective is generalized-injective semimodule, the definitions, where a semi module is indecomposable
have been discussed. Dually for almost-projective semimodule. Also obtained that, the direct sum of two
quasi-injective R-semimodule is quasi-injective when R is QI-semiring, this fact has been expanded to
AQI-semiring.

Conclusion: In this paper, several generalization of injective and projective semi modules have been
defined and some concepts with related to almost injective(projective)semimodules have been presented,
also the concepts Ql-semiring, AQI-semiring defined, some relationship between these concepts and
almost injective(projective) semimodules discussed.

Keywords: AImost injective (projective) semimodules, generalized injective (projective) semimodules,
Semimodules, Semirings.
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1. Introduction and preliminaries.

nn nn

Recall the definitions of "almost injective," "almost projective," "almost self-injective," and
"almost self-projective" semimodules as in [1], [2], [3], and [4]. Some ideas pertaining to these
concepts will be discussed in this research, as well as how they relate to one another. With some
additional conditions appropriate to the case of modules, these concepts have also been defined

for the class of semimodules based on the literature of modules. The terms "generalized -

nn nn

injective," "generalized - projective," "essentially - injective,”" and "length of semimodule" have
been defined in this worksheet, and some of their relationships are discussed. If we consider two
semimodules A and B, then A is known as almost ‘B-injective when, for each subsemimodule ¥ of
B and each homomorphism &: ¥— A | either there exists a homomorphism {:B— A satisfying & = i,
or there is a homomorphism y: A —X such that y¢ = wi where 0 #X <@ B, and m is the
projection map[1]. A semimodule A is called almost injective semimodule if A is almost injective
relative to every semimodule B[1]. A semimodule A is almost self-injective , if A is almost A-
injective [3] and it is called almost B-projective, if for each surjective homomorphism a: B —
X and every homomorphism §:A— X, either there is ¥: A — B where ay = §,0r there is
v:¥— A where ¥ isnonzero summand of B such that 8y = oy, and A is called almost-projective
if it is almost B-projective for every finitely generated semimodule B[2], A is said to be almost
self-projective if it is almost A-projective[4]. In what follows R denotes a semiring with identity
and A a unitary R-semimodule. A semiring R is anonempty set with the binary operations addition
and multiplication applied, satisfying (R, +) is a commutative monoid including an identity
element 0 and (R, x) ) is a monoid including an identity 1. The addition is distributed by the
multiplication, and O is the absorbing element[5]. A left R-semimodule A is acommutative monoid
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(A,+) together with operation RxA—A; defined by (t,a)—ta such that Vt, r €R and a, be A, t(a+
b)= ta+ tb; (t+r)a=ta+ ra;(tr)a = t(ra); Ora = 0x = t0x and 1za =a if there is 1k, A is called unitary
semimodule (in the same way the right R-semimodule is defined)[5].

2. Some Properties of Almost B-injective and generalized B -Injective
Semimodules

Definition2.1: A semimodule A is called generalized B- injective, if for any homomorphism
a:U—A where U is sub-semimodule of B, there is decompositions B=D®E, A=X®Y, a
homomorphism 6:D—X and monomorphismy: ¥ —»E such that UcD@®y(¥) with mya=6
m'ply = 6 'piy and ymya=m'y|y = 7'y iy and A is generalized self-injective semimodule if, A

is generalized A-injective.

=
)
D
T

XY
TTx l
X

Proposition 2.2: If a semimodule A is generalized B-injective, hence A is an almost B-injective

semimodule.

Proof. Suppose that U is a sub-semimodule of B and a:U—A be a homomorphism, so there is
decompositions B=D®E, A=X@Y¥, a homomorphism 8:D—-X and a monomorphismy:Y¥ —E
such that Uc D@y (¥) with mxa= 6 mp|y and ymya= mg|y = mp; iy .If a cannot be extended to B
and E=0, then @ will be an extension of a to B, that is casel in definition of almost N-injective
holds. If E+0, define §: A»D by § = ymy. For every u in U, Sa(u)= Sa(d+e)=&(0(d)+ 6'(e))=
ymy(6(d)+ 0'(e))=y(6'(e))= e = myiy(w) , 6":E~¥ and m: B-E. Hence case two holds m

Corollary 2.3: If a semimodule A is generalized self-injective, then it is an almost self-injective-

semimodule.
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Remark 2.4:

(1)If B is indecomposable and A is generalized B -injective, by Proposition(2.2) A is almost B-

injective semimodule.

(2)If A, B are indecomposable semimodules and A is generalized B-injective, then there are four

cases.

Casel/ A =A@0 and B =0 B, this means there are §:0— A and y:0— B, hence mya= 6 'y|y =

6 'yiy and ymoa=mg'ly = my' iy implies U € B®y(0),a = 0 and y = 0 which is impossible.

Case2/ A =A@®0 and B =B@0, this means there are 6: B — A and y:0—0, then mza= 6 n'g|y =

6 n'giy and ymoa=m'y|y = 1’y iy implies that U € B®y(0), a = A iy and 0=0.

Case3/ A =0DA and B=0® B, then there are 6:0—0 and y:A— B, hence Uc
BOy(A) withmoa = 7'y|y =0 'piyandymza = w'gly =n'giy = 0=0 and ya=

iy implies a is monomorphism.

Case4/ A =0 A and B =B@0, this means there are 8: B — 0and y: A — 0, hence Uc B®y(A)

with moya= 0 n'gly = 0 n'giy and ymza=n'o|y = 7'y iy implies a = 0 which is impossible.

(3)From (1), it follows, whenever A is generalized B-projective semimodule and A, B are
indecomposable, then either there is 8: B — A such that « = 6 Iy, or there is y: A — B such

thatya = iy implies « is monomorphism and U is embedded in A.

(4)If there is no monomorphism a: U — A where U isany subsemimodule of B, then Case(3) is

not satisfied, so A is a B -injective semimodule.

(5) If A is indecomposable and generalized self-injective semimodule, then by Corollary(3.2), A

is almost self-injective semimodule.

Proposition 2.5: Let A be almost B-injective semimodule. Consider the following diagram:
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Put k = ker(a). If the second case of definition(2.1, [1]) occurs, there is a proper direct summand

D of A which contains k. In particular, if k <,A, then the first case occurs.

Proof. Since the second diagram holds, we get a direct decomposition B=X®D and y:A — X
such that ya = myi, then mx (k) = mxi(K)= ya (k)= 0, so k S ker(mx)= D, then D is a proper direct
summand of A. If k <.B, we have k NX=0 implies X=0 which is a contradiction. Hence the first

case occurs. m

Definition 2.6: A semimodule A is called essentially B-injective if, for every subsemimodule X

of B, any homomorphism a:X—A where ker(a)is essential in X, can be extended to a

homomorphism B: B—A.

Proposition 2.7: Let A and B be semimodules, whenever A is almost B-injective, then A is an

essentially B-injective semimodule.

Proof. Assume that X is a sub-semimodule of B and a:X— A be any homomorphism with ker(a)is
essential in X, then from Proposition(2.5) a can be extended to a homomorphism f:B— A
provided ker(a) <,B (in fact, if ¥ isa complement of X in B, define 9:X@®¥ — Aby 9(x + y) =
a(x) for every x in X and y in ¥). Then ker(9)=ker(a) + ¥ <, X®Y <.,B. So ker(9) <.,B and

hence 9 can be extended to a homomorphism 8:B— A. Clearly, S is an extension of . m
From the previous, propositions, we conclude the following corollary.
Corollary 2.8: If a semimodule A is generalized B-injective, A is essentially B-injective.

Proof. Since, if A is a generalized B-injective semimodule, then A is almost B-injective by
proposition (2.2) and from proposition (2.7), we get A is an essentially B-injective semimodule.
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3.Some Properties of Generalized Projective Semimodules

Dually, generalized projective semimodules can be defined, also the relationship of this

concept with almost projective semimodules will be explained.

Definition 3.1: A semimodule A is called generalized B-projective when, for any homomorphism

a: A—E, any epimorphism @: B—E, then decompositions occurs A =A;@®A; and B="B:®B; ,
a homomorphism v: A;— B; and an surjective homomorphism v': B,— A, satisfying @j,v =
ai, and @i, v' = @j,, where i;, i, are the inclusion maps from Aj, Az into A respectively and j,,

J» are the inclusion maps of By, B> into B.

Remark 3.2:

(1)When A and B are indecomposable semimodules and a semimodule A is generalized B-

projective, there are four cases:

Casel/ A=A@0 and B=0@B, this means there are v:A—0 and v':B—0, hence @|,v = ai;
implies @ = 0 which isimpossible and «a|,v' = @j, implies0=0.

Case2/ A=A®0 and B=B@®O, this means there are v:A—B and v':0—0, then @j,v = ai; =

@v =a and a| v’ = @|, implies that 0=0.

Case3/ A= 0®DA and B=0@ B, then there are v:0—0 and v':B—A, hence @|,v = |, implies

0=0and ai,v' = @j, = av' = @ implies a is epimorphism.
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Case4/ A=0® A and B=B@0, this means there are v: 0 —Band v':0 — A, hence @j,v = |,

implies @ = 0 which is impossible and a|,v’ = @[, implies 0 =0.

(2)From (1), it follows that, whenever A is a generalized B-projective semimodule and A, B are
indecomposable, then either there is v:A—B such that @v = a, or there is v':B—A such

thatav’ = @ implies a is epimorphism.

(3)If there isno epimorphism a: A—E where E isany semimodule which is homomorphic image

of A, then Case(3) is not satisfying, so A is a B-projective semimodule.

A semimodule A is called a generalized self-projective semimodule if, A is generalized A-

projective

Proposition 3.3: Suppose that A is a generalized B-projective semimodule, A is almost B-

projective.

Proof: Suppose a: B — X is an epimorphism and §:A— X  any homomorphism for any
semimodule X. From hypothesis, decompositions occur A =A;®DA; and B= Bi®B,, a
homomorphism 9: A;— Bi and an epimorphism 9': Bo— A, satisfying o = 6|5, and 69" =«

|5, - Thus A is almost B-projective. m

Corollary3.4: Suppose that A is a generalized self-projective semimodule, then A is an almost

self-projective semimodule.

Definition 3.5[7]: A semimodule A is noetherian (artinian), if every chain of subsemimodules of
A satisfies ACC(ascending chain condition)(DCC(descending chain condition)). A semiring R is
noetherian (artinian), if Rk is noetherian (artinian) that is every chain of left ideals satisfies
ACC(DCC).

Examples 3.6:
(1)A simple semimodule is noetherian and artinian.
(2)The semimodule N over itself is noetherian but not artinian.

(3)The semimodule @, is not noetherian.
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Lemma 3.7: Let A be artinian (noetherian) semimodule, then A possible to express as a finite

direct sum of indecomposable subsemimodules.

Proof. Assume A isartinian (notherian) semimodule. Assume that A unable to express into direct
sum of indecomposable sub-semimodules, that is A=A, @ A, where A, cannot be written as a
direct sum of indecomposable sub-semimodules. Write A, = A;@®A,, where A, cannot de
expressed into adirect sum of indecomposable sub-semimodules. Continuing this process, we have
an infinite decreasing chain of subsemimodules of A, A, 2 A, 2 -2 A; 2 A4, 2 -+, this
contradiction with assumption, therefore A can be disassembled into a finite direct sum of
indecomposable sub-semimodules. m

Proposition 3.8: Let A be artinian, almost B- projective semi module, then A possibly expressed

as as a finite direct sum of indecomposable almost B-projective sub-semimodules where B is any

semimodule.

Proof. From the Lemma( 3.7), A able to decompose into a finite direct sum of indecomposable
sub-semimodules. Since A is almost B-projective, any summand of A is almost B-projective, so

A is finite direct sum of indecomposable almost B-projective sub-semimodules. m

Dually, Proposition (3.8) can be applied for almost-injective semimodule as follows.

Proposition 3.9: Let A, B be semimodules and A is artinian, almost B-injective semimodule,

then A possibly expressed as a finite direct sum of indecomposable almost B-injective sub-

semimodules.
QI-ring is defined by many authors as [8], can be generalized to define QI-semiring as follows:

Definition 3.10: A semiring R is said to be QI-semiring, if every quasi-injective R-semimodule is

injective. It is clear that any semi simple semiring is QI.

Proposition 3.11: If R is QI-semiring, then the direct sum of two quasi-injective R-semimodule

is quasi-injective.
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Proof. Let A and B be two quasi-injective semimodules, then they are injective from assumption,
then A@B is injective semimodule since every injective semimodule is quasi- injective, and then

the direct sum A @B is quasi-injective. m

Proposition 3.12: If the direct sum of two quasi-injective R-semimodules A ;, A, with injective

hulls E(A,), E(A,) is always quasi-injective, then R is QI-semiring.

Proof. Let A be a quasi-injective semimodule. Consider the following diagram:

=/

i )

A——gi) —EAQ DA
It l
A 4
il
E(A) @ A

Where i is the inclusion map and j, ' are the injection maps from A, E(A)

respectively to E(A)@A. Since E(A)DA is quasi-injective semimodule, there is endomorphism
Jon E(A)@A such that {j'i = jI;. Take 8 = mx{ j' hence 6i = I, then A is isomorphic to

summand of E(A), and hence it is an injective semimodule, this implies that R is QI-semiring. m

The following result in[9] is proved for the case of modules and it can be extended to

semimodules with similar proof.

Lemma 3.13: Let A be semimodule with injective hull E(A), then A is quasi-injective if and only

if it is fully invariant in the injective hull of A.

Proposition 3.14: If R is QI-semiring, then every injective R-semimodule A with injective hull

satisfies the property "every fully invariant subsemimodule of A is a direct summand".

Proof. Let A be injective semimodule and B be fully invariant subsemimodule of A, it suffices to

show that B is a quasi-injective, let 8:E(B)—E(B), then Ocan be extended to endomorphism
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6":E(A)—>E(A), since B is fully invariant in A, then 6(B)=6’'(B)<B, therefore by Lemma(3.9),

N is quasi-injective semimodule. As the following diagram:

E(B) " EAsA
0 \l/ \l/ 0’
E(B) , SE(A)=A

L Aaleal) (i),
The converse of the various proposition is true, that is:

Proposition 3.15: If every injective R-semimodule A with injective hull satisfies the property

"every fully invariant subsemimodule of A is a direct summand", then R is QI-semiring.

Proof. Assume that A is a quasi-injective semimodule, from Lemma(3.13) A is fully invariant in
E(A), so A isa summand of E(A) by hypothesis. Therefore A=E(A). Therefore R is a Ql-semiring.

Definition 3.16: A semiring is called AQI-semiring, if every almost self-injective semimodule is

injective.

Examples 3.17:

(1)Every QI-semiring is AQI-semiring since every quasi-injective semimodule is almost self-

injective semimodule.
(2)Every semi simple semiring is AQI-semiring.

Proposition3.18:If R is AQI-semiring, then the direct sum of two almost self-injective

semimodule is almost self-injective.

Proof. Let A and B be two almost self-injective semimodules, then they are injective from
assumption, then A@B is injective semimodule since every injective semimodule is almost-self-

injective, then the directsum A @B is almost-self-injective . m
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Proposition 3.19: If the direct sum of two almost self-injective R-semimodules A ;,A, with

injective hulls E(A,), E(A&,) is always almost self-injective, then R is AQI-semiring.

Proof. Similar to Proposition(3.18). m
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