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ABSTRACT

Background:
This research aims to investigate certain requirements for the presence of eigenvalues, as well as
the boundaries of eigenfunctions and their derivatives, specifically, the eigenfunctions' first as
well as second derivatives.
Materials and Methods:
In this study, we use the spectral problem of second-order differential equations:
LIfT==f"0)+ f'(x) + pC)f (x) = ar(x)f (x),x € [0, a],

with mixed boundary conditions

f'(a) —iAf(a) = f'(0) — f(0) = 0, where A is a spectral parameter.
and the normalized condition foar(x)lf(x)lzdx = 1, where r(x) > 0.
Results:
We get that the spectral parameter of a second-order differential operator is real. And we obtain
Lagrange’s identity for a spectral problem. Also, we prove that the spectral problem is self-
adjoint, and the property of orthogonality of eigenfunctions is shown.

Conclusions:

In this research, we studied the existence of eigenvalues and the estimation of the norm of eigenfunctions
for problem (1) - (3). Furthermore, we investigated the self-adjoint nature of the problem, and we proved
that the eigenfunctions are orthogonal.
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INTRODUCTION

The area of spectral theory associated with determining the spectrum and eigenfunction
expansion of a linear ordinary differential equation is known as the spectral theory of ordinary
differential equations. A spectral problem of second-order differential equations was studied in [1-4]. It
was possible to determine the upper bound of the eigenfunction, and the behavior of the
eigenvalues and eigenfunctions of the boundary value problem with various boundary conditions
has been considered in [1,3]. The Sturm-Liouville problem and its applications have also been
investigated in [5-7]. Also, self-adjoint differential operators are studied in [8,9].In this work, |
study some conditions for the existence of eigenvalues, the boundedness of eigenfunctions, and
the upper bounds of the first and second derivatives of the eigenfunctions in relation to this

spectrum problem:

LIf] = Ar(x)f(x), x€][0,a],

fll@)—iAf(a) =f'(a) = f(a) =0

Jr@IfG))2dx =1
Where A=u+iv,m<r(x) <M,0<m< M.
Theorem 1. The inequality of prloblem (1) — (3) has been satisfied by the eigenfunction
xe’;";i‘lf(x)l If ()|l < K|A|+, where 2 is an eigenvalue, A = u + iv, u # 0 and
r(x) € LT[0,a], p(x) € L[0,a], K is a positive number does not depend on r and p.

Proof. Considering every point x in [0, a], let's examine the identity

fO)1? = fFGOf(x) =J [ () + F(f'()]ds + f (O]

f [r(s).[F)f' (5) + F(OF ()]

NEo) ds + |f(0)]

From inequality r(s) = m, we obtain

|f(x)|2 < fox Jr(s) |f(5)f\/(m5)+f(5)f (s)] ds + |f(0)|2

< \/% onm £ (). £ ()] ds + fox\/p(s) HONHO] dSl +If O

s%_[ [ V& 1@l @ ds+ [ Vol |f(s)||f'<s>|ds]+|f(0)|2
milJo 0
= = [ TG [FOIIf ()] ds + If (O
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< =IO IFONIF ()l ds + IO
We determine that by applying the Cauchy-Schwartz inequality to the final integral.
a 1 a 1
GO < Z[[Sr(s). IF () ds] 2[[F1F ()ds] ™2 + 1F (O

From the normalized condition (3) we get

PO < 2417 ©Pds] 2+ FFP @
The equation (1) can be multiplied by f(x), and the resulting equation can be integrated from 0
up to a.

—Jo F1GOf@dx + [ 1) f (dx + [} pCf () f ()dx = [ Ar(x)f () f (x)dx

With consideration for the boundary conditions (2), use the first integral by parts, we obtain

—Af @I+ If O + [ 1/ Pdx + [ f' () f (x)dx + [ p()|f (x)]2dx =

Af rOlf ()12 dx (5)
Equations (1)—(3) are now rewritten as follows:

")+ f' () + p(0)f(x) = Ar(0)f(x), x €[0,a], (6)
f'l@) —iAf(a) = f'(0) - f(0) =0 (7
[ r@o|feo| dx = 1 ®)

Solving equation (6) from 0 to a by multiplying it by f(x) yields
- j FOOf (O dx + j FOOf () dx + j P(OFCOf (x)dx = j IrFOf (X)dx
0 0 0 0

Again, with consideration for the boundary conditions (2), use the first integral by parts, we

obtain

Af @+ IO + []If (Pdx + [, f' (O f ()dx + [ pOOIf (x)[2dx =
[y r@If(0I? dx ©)
After multiplying equation (5) by 4, and equation (6) by A, we get the following by adding them
A+ DIFOP+ (A+2) [ 1 )Pdx + (A+4) [, fCf dx + (1 +

1) [ pOIf)2dx = (2+ ) 14] [ TGOl f ()| dx

Additionally, given that u # 0 then 2 + 1 # 0 as a result

IFOO + [ 1f' @2dx + [, f'@)f()dx + [, pGOIf(0)I2dx = |A] [ r()If (x)]? dx
JF @) Pdx = 1] [ r(olf@o)[2 dx = |F (012 — [ f/ () f(0)dx — [ qo)|f (x)|2dx
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And when we put this equation into equation (4), we get

a

FOP < J%

0

+1f (07,

1
(F @12+ F GO Gr)dx+ f;‘p<x)|f(x)|2dx)>l /2 N

If(0)I? < \/% [IAI Jy r@)If ()| dx <1 - A1 rolf (o) [2dx

If(0)[?
Then

If(O)I? < 2Jl7[f ()lf(x)|2dx] K AT rGolf o 2dx

If(0)?
From equation (3), and for large |A| we get
FEOR <22 +IFO)
2 |f(0)]
Fer<Vial(E + m)
2 2
lf Ol < 4] (\/_ If\;O_)I )

1
Max = O
M £ ()] = (0l < KI5, where K = ( 2+ )

Lemmal. For the existence of eigenvalues of the problem (1) - (3) must:

1. The formula mv(i — (f(O))Z) > 0istrueifu = 0.
2. The formula p — iv — k? — t — = (i — k*)? = —istrue if u # 0.
Proof. If u =0, then (1) - (3) reduces to
—f" ) + 1) + p(0)f(x) = ivr(x)f (x)
f'(@) +vf(a) =0=f"(0) - f(0)
Lirolf )2 dx =1
Equation (10) is multiplied by f(x), and the end result is integrated from 0 to «.

— [ F @) FCodx + [ () f)dx + [ p(x) f2(x)dx = iv [ r(x) f2(x)dx
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) f r (0. 1f (O 2dx — [F(O)]2 — f F1OOf ()dx - j p(x)lf(x)lzdx]
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1
(1 @+ [ F/ G Cax+ [ ol (")'de)>l ; *

1/2

(10)
(11)
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Integrate the first integral by parts
v(f@)" + (F) + [IF 1P dx + f £/() f(x)dx + f p(a) f2(x)dx = iv

v(f@)" == (f(0)" = [ @ dx — [} f' () f()dx — [ p(x) f2(x)dx (13)
Additionally, since we get from Theorem 1

2 2 “ 2 1/2 2
£ GOl sﬁ[L I (ol dx] + IO

a 1,
j Iz (x)|2dx]
0

[Zar@P - 1F@P)] < f1f @l2dx

From the inequality and equation (13)

Vm

— (@ = 1f(OF) <

2 2 m 2 a a
v(f@)" 2w = () = 2 U@ = IfFOP)] = [ F/@) Fdx — [ p() f2(x)dx

2 2 m 2 a
v(F(@)" 2 iv = (F(0)° = [F U@ = IF O] = f 60 fG)dx -
Jy BB f2(x)dx

0 r(x)
v(F@)" 2 v = (F)) = ZIF@* + ZIF@PPIFOF = ZIF O - [ /() fdx -2 (14)
If we denote (f (a))2 by z, then (14) reduces to
vz 2 v = (£(0))° =222+ Z2If ()1 = ZIFOI* = [ f(0) fO)dx — 2

—222 4+ (ZIFO1P =)z + (v = (F0)) = ZIFOI* = [ () f(x)dx =) < 0
This can only occur if the discriminating

D = (FU@F =v) +mv = (F@) =IO = | 60 fedx—) >0

orv? + (im = m(£(0))*)v = (mIf (O +m f /() fG)dx + ) > 0

And therefore mv (i — (y(O))Z) >0
Consider the case u # 0.

To obtain the relation, multiply equation (1) by f(x), and the adjoint equation (6) by f(x). Then, add the

two resulting equations.

Page | 155

ISSN: 2312-8135 | Print ISSN: 1992-0652

info@journalofbabylon.com | jub@itnet.uobabylon.edu.iq | www.journalofbabylon.com


mailto:info@journalofbabylon.com
mailto:jub@itnet.uobabylon.edu.iq
mailto:jub@itnet.uobabylon.edu.iq
https://www.journalofbabylon.com/index.php/JUB/issue/archive
https://www.journalofbabylon.com/index.php/JUB/issue/archive

JOURNAL OF UNIVERSITY OFBABYLON

Anicle Vol.32; No.2.| 2024

Eow Dmﬂe and AppheJ Sciences (JUBPH5>

ey D T 0 (e ey

v

T

Yy >

oy € e —ier

Py D T C

v .

!

Y >

oy €y ieT

e =

ey 0 [

|

!

—[f"COF ) + F GG + [/ f () + F G fF ()] + 2p(0) | f (x) |2
= A+ D)r@)|f(0)|?

By integrating the two sides of this equation, we arrive at
=[S GOFC) + F COf @] dax + [ GOF () + FGOf )] dx + 2 [ p(o) I f () [2dx =
A+ D) [ f(0)]? dx

With consideration for the boundary conditions (2), use the first integral by parts we obtain

(1= DIf @2 + 21F )12 + 2 [X1f 12dx + [ ()f @) + F/ (O f ()] dac +

2 [y pOOIf()IPdx = (2 + 2) [} r(0If (01 dx

Hence using the normalizing condition (3) and the equality 2 + 1 = 2y, i(2 — 1) = 2v,
and by subtracting equation (5) from equation (9) we find |f(a)|? =i

2iv + 2If (02 + 2 [ 1/ ) 2dx + 2 [ [ G f ) + F () f ()] dx +

2 [T pOIf (0)|2dx = 2
or

v+ O + [ ()12dx + [[f COf @) + F/f @)]dx + f, pQo)|f (x)|2dx =
LI @Pdx + [ plf ) Pdx = —iv = |F(O)I? = [J]f' COF (@) + ' () f ()] dx,

Since,

Jy Py ()|?dx = fo“%r(x) f (O 1Pdx = = [Fr(x) If (0)|2dx = T
Then p — iv — |F(O)12 = ["[f' ()F () + ' GO f (0)]dx = [1f/ (o) 2dx + (15)

In Theorem 1 Shown, that

F@P2 < Z(f5 6 IF@ R ([1f GO dx)? + IF ()12

and therefore

(S \/% (U 1f @12 dx)% +1£(0)I

i~ IFOF < (77 e dx)?

(= IF ()12 <= [If' ()% dx

%(i —1f(0)]?)? < fowlf’(x)l2 dx , by substitution in equation (15) we get
u—iw—IfOF = [Jf'Gf @) + F ) f0)]dx = Z (i — I (0)|)2 + 2
let 1fF(O=Fk , [J[f/GfC)+f ()f()]dx =t

iy — 2 M 122 m
U—iv—k*—t 4(1 k)ZM.
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Theorem 2. Let us consider that the functions p(x) and r(x) have an integrable on the closed
interval [0, a], where p(x) =0 and r(x) >m > 0 Then, all of the eigenvalues and related
eigenfunctions of the problem (1) - (3) have positive constants ¢; and c,, and they are
independent on p(x) and r(x) , therefore the inequality that follows is true

IF Gl < call;
IF" )l < calAls
Proof. Take into consideration the following identity:
FCOI? = @) F'x) = [ ") () + £ &f(9)]ds + I (0%,
< ] xlf"(s)f'(s) +f'()f" ()| ds + |f ()2
<2 [J1f' ()] ds + [ f(0)]?

<2 [JIf I ()l ds + |f(0)2 (since |f"'(s)| =

I O] N = |f'()], £/(0) = £(0) = 0).
Estimating the integral by Cauchy- Schwartz inequality

F/CO12 < 2(J1F )12ds )2 (J, 1f " ($)|2ds ) +1 £(0) |2

IF/ 12 < 2121 f; 7). 1f @) 2dx — £ (0|2 — [ f' () f ()dx — [ p()|f (x)|2dx)?A +
HOR

1
Where A = (foalf”(s)lzds)z is positive real number

1
(r@r+f f’(x>f(x>dx+f;"p(x)|f(x)|2dx)>l /2 i

IF'O12 < 2|14] f, r()If ()2 dx <1 - AT GOIf ()P dx
(02
IF/ (012 < 21AA+| ()2
F@)I? < 1z (ZA - '“"1'2)
[A]2
If'(x)] < clmﬁ where c; = |24 + lfl(;l)llz

1
Max|f'(x)| < ¢q|A]*

1
If GOl < 11l
The latter part needs to be proven. We obtain from equation (1)

" (Ol = [rG)f(x) = £'(x) = p(0)f (x)]
< [Aar()f Ol + 1 GOl + [p(x) f ()]
< [Allr (o)l max|f ()| + max|f' ()| + [p(x)| max|f (x)]

Page | 157

ISSN: 2312-8135 | Print ISSN: 1992-0652

info@journalofbabylon.com | jub@itnet.uobabylon.edu.iq | www.journalofbabylon.com


mailto:info@journalofbabylon.com
mailto:jub@itnet.uobabylon.edu.iq
mailto:jub@itnet.uobabylon.edu.iq
https://www.journalofbabylon.com/index.php/JUB/issue/archive
https://www.journalofbabylon.com/index.php/JUB/issue/archive

Article JOURNAL OF UNIVERSITY OFBABYLON Vol o | 2024

Eow Dmﬂe and AppheJ Sciences (JUBPHVg)

ey D T T T T

Ty Ty

oy et

Py D T C

v .

o Yy > T

oy €y

e =

7 D T

< AIMKIA® + cy|AL+ + ME|A[7

— [A[sMk + ¢, | A+ + MK|AJ3

= [AJ5(Mk + ¢ ]A] + M|A])

— o,|Al+, where ¢, = (Mk + ¢, |2] + Mk|A]).

Theorem 3. The problem (1), (2) is self-adjoint problem.
Proof. Let u and v be functions with second derivatives that are continuous on the interval 0 <

x < a. Then foaL[u] vdx = foa[—u” +u’ + p(x)u] vdx.
Integrating the first expression on the right side two times by parts, we obtain

a a a

u' vdx + f pu vdx
0

uv' dx + f

0

f Llu] vdx = —u'(x)v(x)|§ + u(x)v'(x)|§ —f
0

0
=—[u' ()v(x) — u@)v' (O + f, uL[v] dx

Hence, foa{L [ulv —uL[v]}dx = —[u' (x)v(x) —ulx)v'(x)]|3, (16)

This is Lagrange’s identity.

Now, let us assume that the function u and v in equation (16) also satisfies the boundary

conditions. Following that, equation (16)'s right side becomes

fa{L[u]v —uL[v]}dx = 0.
0

So Lagrange’s identity in equation (16) reduces to

Sy L]y — uL[v]} dx = 0. (17)
Two real valued functions u and v in the interval 0 < x < a have an inner product that is

(u,v) = foau(x) v(x)dx (18)
So equation (17) becomes

(Llul,v) — (w L[v]) =0 (19)

Theorem 4. There are no complex eigenvalues for the self-adjoint problem (1), (2).

Proof. Assume that ¢ is the corresponding complex eigenfunction, and A is the complex
eigenvalue of the problem (1),(2).

In equation (19) we have

(Llol, @) = (o, LleD)
However, we know that L[¢] = Are

So (Are, ¢) = (¢, Arg).
By using the definition of inner product of complex-valued function

Jy @)@ (x) dx = [ () A7 ()P (x) dx
Since r(x) is real, so we have

(A=2) [y r()e(x)@(x)dx = 0,
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or
(2 =2 f; r@lp@|*dx =0,
Since the integrand is non-negative and not identically zero, therefore 1 — A must be zero.
We conclude that the problem can have no complex eigenvalues.
Theorem 5. Let 4; and A, be distinct eigenvalues of the boundary value problems (1), (2), and
let @, (x) and ¢, (x) be related eigenfunctions. Then ¢, (x) and ¢,(x) are orthogonal about the
interval (0, ) and the weight function r(x).
Proof. We note that the functions ¢, (x) and ¢, (x) satisfy the differential equation (1)
Llp,] = 1174
and
Llg;] = 4,19,
So substitute L[¢,] and L[¢,] in equation (19) we obtain

(A1 @1, 92) — (@1, A;,7¢,) = 0,

or, using the definition of inner product of complex-valued function
[24

a
b [ 0 0F@ d =T, | 02077 dx = 0.
0 0
Because A,,r(x), and ¢, (x) are real, so this equation becomes
(A1 = 25) [y T2 (1)@ (x)dx = 0.
Since A, # A,, SO foar(x)(pl(x)(pz(x)dx =0.

CONCLUSION

| provide an overview of the spectral theory of a second-order differential operator on a finite
interval. I illustrated the norm of eigenfunctions, and | also proved the upper bounds for the first
and second derivatives of eigenfunctions. Furthermore, the boundary value problem is self-
adjoint; it has no complex eigenvalues. Also, | showed that the eigenfunctions corresponding to
the eigenvalues are orthogonal.
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